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Summary
The a b s o l u t e l y  i r r e d u c i b l e  c h a r a c t e r s  o f  a f i n i t e  group G 
ta k e  t h e i r  v a l u e s  i n  a c y c lo to m ic  e x t e n s i o n  o f  th e  f i e l d  o f  r a t i o n a l  
numbers, and s o  a r e  d e f in e d  i n  some c y c lo to m ic  e x t e n s i o n  L o f  any 
f i e l d  K o f  c h a r a c t e r i s t i c  z e r o .  The purpose o f  t h i s  t h e s i s  i s  t o  
d eterm in e  t h e  s m a l l e s t  such e x te n s io n  L where K i s  e i t h e r  th e  
r a t i o n a l  f i e l d  or  a  c e r t a i n  p - a d i c  f i e l d ,  and G i s  one o f  th e  
c l a s s i c a l  groups d e f in e d  o v er  a f i n i t e  f i e l d  w ith  q e le m e n ts ,  F ^ .
In  p a r t i c u l a r  i t  i s  shown t h a t  t h e r e  i s  a t  l e a s t  one group d e f in e d  
over F^ i n  e a c h  c l a s s i c a l  " f a m i l y "  whose c h a r a c t e r s  t a k e  v a lu e s  in  
th e  r i n g  o f  W it t  v e c t o r s  W(F^).
S e c t i o n  5 o f  th e  t h e s i s  d e a l s  w ith  a d i f f e r e n t  problem . A 
theorem o f  F r o b e n iu s ,  e x p r e s s in g  a l l  th e  i r r e d u c i b l e  c h a r a c t e r s  o f  
th e  sym m etric  groups as  i n t e g r a l  l i n e a r  com bin ation s  o f  th e  c h a r a c t e r s  
o f  c e r t a i n  p e rm u ta t io n  r e p r e s e n t a t i o n s ,  i s  g e n e r a l i s e d  t o  th e  Weyl 
group W(Cn ) ,  and some con seq u en ces  f o r  th e  r e p r e s e n t a t i o n  th e o r y  o f  
f i n i t e  groups w ith  ( B , N ) - p a i r s  a r e  deduced.
S e c t io n  1 Background from  Number Theory
1 . 1  H ig h es t  common f a c t o r s ,  s o l u t i o n  o f  co n g ru e n ce s  and B u l e r ' s
l e a s t  common m u l t i p l e .  The f o l l o w in g  p r o p e r t i e s  a re  w e l l  known and 
e a s i l y  p roved.
P r o p o s i t i o n  1 , 1 . 1
( i )  F o r  a l l  p o s i t i v e  i n t e g e r s  a  and h
( a )  ( a , b )  d iv id e s  ca+db f o r  a l l  i n t e g e r s  c  and d
( b )  Every i n t e g r a l  m u lt ip le  o f  ( a , b )  can  b e  w r i t t e n  i n  th e  form 
ca -d b  f o r  some i n t e g e r s  c  and d , b o th  g r e a t e r  than  0
( t ) I f  a  d iv id e s  e and b d iv id e s  f ,  th e n  ( a , b )  d iv id e s  ( e , f )
(d )  I f  c  d iv id e s  a b ,  th e n  c / ( a , o )  d iv id e s  b .
( i i )  ( a )  ( c a , c b )  m c ( a , b )  f o r  a l l  p o s i t i v e  i n t e g e r s  a ,  b and c
( v )  ( a , b ) .  | a , b j  = a b .  
P r o o f  O m itted .
I f  a ,  b and c a r e  i n t e g e r s  w ith  c ^ O ,  we w r i te  th e  "c o n g ru e n c e "
t o  mean t h a t  c  d iv id e s  a - b .  The fo l lo w in g  r e s u l t  i s  a form of  th e  
C h in e se  Remainder Theorem. I t  i s  g iven  h e re  i n  th e  form most s u i t a b l e  
f o r  l a t e r  com p u tat io n s  but w i l l  be  r e s t a t e d  fcn Lemma 1 . 1 . 4 ( i i )  i n  a
f u n c t i o n
I f  a ,  .a,1 » **21 * * * ’ na^ a r e  ( n o n -z e r o )  p o s i t i v e  i n t e g e r s ,  we w r i t e
( a ^ , . . . , a a ) f o r  t h e i r  h i g h e s t  common
( b )  ( c a , b )  = ( a , b )  i f  ( b , c )  = 1 .
( i i i )  ( a , b )  = ( b , a )  and £ k ,b j  -  Cbf a3
<<a W  - (al....an-l»an>
f & i , a 2 ' ” M an J , a ^  “ ^®1 » . . . » an_ 1 » * ip .
a  S b mod(c)
more c o n c i s e  a l g e b r a i c  form
Theorem 1 . 1 . 2
T h e re  i s  a  s o l u t i o n  f o r  i  o f  th e  n s im u lta n e o u s  congruences  
x  ”  a^ mod(b^) f o r  i  = l , 2 , . . . , n
i f  and o n ly  i f  a  S a .  m o d ( ( b . , b . ) )  f o r  each  i  and j .  I f  t h i s  h o ld s ,
• 0  ^ 3
t h e  n s im u lta n e o u s  cohgruences  a re  e q u iv a le n t  t o  th e  s i n g l e  congruence 
x  S' a  mod([b1 , .  .  .  . b j ] )  
where a  i s  any s o l u t i o n  o f  t h e  o r i g i n a l  c o n g r u e n c e s .
P r o o f  The n e c e s s i t y  o f  th e  c o n d i t io n s  a^  ^ S a^ . m o d ( ( b ^ ,b j ) )  i »  o b v io u s.  
We pro ve  s u f f i c i e n c y  by in d u c t io n  on n .  The r e s u l t  i s  t r i v i a l  f o r  n = l .  
Suppose t h a t  n = 2 .  We wish t o  s o lv e  
x  S a^ mod(b^) and x  5  mod(b2 )
where a^  ^ 2  m od((b j^fcg)) .  By P r o p o s i t i o n  l . l . l ( i ) ( b )  a j - a g o c b j -d b g  
w i t h  c  and d i n t e g e r s .  Then x  -  a  « a ^ c b ^  = a 2 #db2 i s  a  s o l u t i o n  o f  
t h e  s im u lta n e o u s  co n g r u e n c e s .  I f  x  = a* i s  a n o t h e r  s o l u t i o n ,  then 
a - a '  S  0  mod(b^) f o r  i  = 1 , 2  and so ( b ^ jb ^ J  d i v i d e s  a - a ' .  Thus th e  
s im u lta n e o u s  ffongruenoes a r e  e q u iv a le n t  t o  t h e  s i n g l e  ones 
x  = a mod (Pl.tj) as r e q u i r e d .
Suppose n ext  t h a t  n > 2  and t h a t  t h e  theorem  h old s f o r  n-1 
c o n g r u e n c e s .  Thus th e  f i r s t  n -1  congruences  a r e  e q u iv a le n t  t o
x  2  a* mod( | b^,. .  .  , b n ”J ) where a* = a^ mod(b^) f o r  l ^ f i  ^ j i - 1 .  
Hence a* = a A mod((bl f bn ) )  f o r  l ^ i ^ n - l  
S  a^ m od((b^,bn ) )  by h y p o th e s i s .
Hence a* S  a R mod(£(b1 ,b n ) , .  . . ,  (b n_ 1 (b n j ]  ) ,
i.e. a* 2 a^ mod(((bj, .. . ,bn_^j,bn) ) by Proposition l.l.l(iv).
The theorem fo l lo w s  by a p p ly in g  th e  c a s e  n -  2 t o  th e  two
c o n g r u e n c e s :  x  5  a '  mod( P i ...........V i D  and x  -  an mod(bn ) ,  and
using Proposition l.l.l(iii).
Note The C h in e se  Remainder Theorem i s  u s u a l l y  g iv e n  as  Theorem 1 . 1 . 2
i n  th e  s p e c i a l  c a s e  where ( b .  , b . )  -  1 f o r  i  ^  j .  The form g iv e n
• J
above i s  a  s p e c i a l  c a s e  o f  Theorem 1 7 ,  C h apter  V o f  Z a r i s k i  and
3
S a m u e l 's  "Commutative A lg e b r a "  where i t  i s  s t a t e d  i n  term s o f  i d e a l s  
and proved f o r  a c l a s s  o f  r i n g s  which in c lu d e s  Dedekind dom ains. The 
theorem  i s  f a l s e  i n  g e n e r a l  f o r  un ique f a c t o r i s a t i o n  domains.
I n  a p p l i c a t i o n s  o f  t h i s  r e s u l t  we s h a l l  o f t e n  need h i g h e s t  
common f a c t o r s  o f  t h e  f o l l o w in g  fo rm s .
P r o p o s i t i o n  1 . 1 . 3
L et  q ,  i  and j  be  p o s i t i v e  i n t e g e r s  w i th  q > l .  Then
( i i )  Choose p o s i t i v e  i n t e g e r s  c and d w ith  ( i , j )  -  c i - d j .  Then
( i i i ) I f  v2 ( i )  -  v 2 ( j ) f th e n  by P r o p o s i t i o n  l . l . l ( i ) ( b ) ,  ( i , j ) = o i - d j  
f o r  some p o s i t i v e  i n t e g e r s  i  and j ,  e x a o t ly  one o f  which i s  odd, s in c e  
th e  same h i g h e s t  power o f  2 d iv id e s  i ,  j  and ( i , j ) .  Suppose, without
I f  v2 ( i )  / v 2 ( j )  we may f i n d  c and d w ith  c i  -  d j  and on ly  one 
o f  c , d  even . I f ,  w ith o u t  l o s s  o f  g e n e r a l i t y ,  c  i s  even then
( i )  ( q 1- ! ^ )  = ( q ^ i . q 3 ) -  i
( i i )  ( q i —i , q 3—i )  = q ( i , d ) - i
h i g h e s t  power o f  2 d i v i d i n g  k .
P r o o f  ( i )  Apply P r o p o s i t i o n  1 . 1 . l ( i )  t o  th e  i d e n t i t y
( q i - l , q 3- l )  d iv id e s  ( qC i—1 , qd 1 )  by P r o p o s i t i o n  l . l . l ( i ) ( o ) ,  and so 
d iv id e s  ( q Ci- l ) - ( q d j - l )  -  qd j (q ^ l ' j ^ - l ) .  S i n c e  ( q . q 1- ! )  -  1 ,  th e  
r e q u i r e d  h ig h e s t  common f a c t o r  must d iv id e  q^i f ^ - l  which c l e a r l y  
i s  a f a c t o r  o f  b o th  qd- l  and q*®—1 .
l o s s  o f  g e n e r a l i t y ,  t h a t  d i s  odd. Then ( q d+ l , q ^ + l )  d iv id e s  
q0 i _ l + q d >>+l  .  qd^(q^i , ^ + l ) .  The p r o o f  c o n t in u e s  a s  f o r  ( i i ) .
( q * + l 1q^+1) d iv id e s  - ( q ° * - l ) + ( q d ^+1) •> 2 .  The r e s u l t  f o l l o w s  by 
s e p a r a t e  c o n s i d e r a t io n  o f  t h e  c a s e s  where q i s  even and odd.
( i v )  I f  v2 ( i ) > v 2 ( j ) ,  th e n  t h e r e  a re  p o s i t i v e  i n t e g e r s  o and d w ith  
( i ,  j )  «* c i - d j  and d n e c e s s a r i l y  odd. Then ( q d- l , q ^ + 1 )  d iv id e s  
qC* —1 + q ^ + l  and t h e  p ro o f  c o n t in u e s  as f o r  ( i i ) .
I f  v 2 ( i ) ^ v 2 ( j )  t h e r e  a r e  p o s i t i v e  i n t e g e r s  c , d  w ith  d odd and 
o i  = d j .  Then ( q * - l , q ^ + l )  d i v i d e s  - ( q C* - l ) + ( q d ^+l) = 2 .  The p r o o f  
c o n t in u e s  a s  f o r  ( i i i )  ab ove .
E u l e r ’ s f u n c t i o n  /i(m) i s  d e f in e d  f o r  p o s i t i v e  i n t e g e r s  m a s  
f o l l o w s :  ^ ( 1 )  = 1 by co n v e n t io n
^(ra) = th e  number o f  r e s id u e s  modulo m which a r e  prime t o  
m f o r  m > 1 .
A l t e r n a t i v e l y  (and more a l g e b r a i c a l l y )  i t  may be d e f in e d  by
^(m) “ |(z/mZ)*/  • where (z/mZ)* i s  th e  group o f  u n i t s  o f  t h e  
f i n i t e  com mutative r i n g  Z/mZ.
Lemma 1 . 1 . 4
( i )  I f  m d iv id e s  n ,  th e  n a t u r a l  map f ^ s Z / n Z —  ^Z/mZ g iv e n  by
f  (a+nZ ) *= a+mZ i s  a  s u r j e c t i v e  r i n g  homomorphism which r e s t r i c t s  
nmv
t o  an epimbrphism o f  th e  groups o f  u n i t s .
( i i )  The n a t u r a l  map f : Z / £ b ^ , . . . fh ^ lz  ^ (z / b ^ Z )  X . . .  X (z/b^Z) 
g iv e n  by f ( a + [ b l f . . . tb ^ ]Z ) -  (a + b 1Z , . . . , a + b nZ) i s  an i n j e c t i v e  r i n g  
homomorphism w ith  image th e  s e t  o f  (a^ + b ^ Z ,•••, an+bnZ) such t h a t
a^  ^ S  a^ . mod((bi f b j ) )  f o r  a l l  i  and j .
P r o o f  ( i i  f  i s  c e r t a i n l y  a  s u r j e c t i v e  r i n g  homomorphism. To prove 
---------- '  '  nm
th e  a s s e r t i o n  about th e  groups o f  u n i t s  we must show t h a t  g iven  a 
w i th  (a ,m )  » 1 ,  t h e r e  e x i s t s  d w ith  (a+dm,n) » 1 .
Let p l f . . . | P u he a l l  t h e  d i s t i n c t  prime f a c t o r s  o f  n .  Ho pA 
d i v i d e s  b oth  a and a+m s i n c e  (a ,m ) ■ 1 ,  and so f o r  each  i  t h e r e  i s  a 
d. -  0  or 1 such t h a t  pt  d oes  not d iv id e  a-n^m. By Theorem 1 . 1 . 2
t h e r e  i s  a  d w ith  d = d^ mod(p^) f o r  each  i t and so
a+dm = a+d^m ^ " 0  mod(p^) f o r  each i f showing t h a t  (a + d m ,n )= l.  
( i i )  f  i s  c e r t a i n l y  a r i n g  homomorphism. The r e s t  i s  a t r a n s l a t i o n  
o f  Theorem 1 . 1 . 2 .
E u l e r ’ s f u n c t i o n  s a t i s f i e s  a  m u l t i p l i c a t i v e  p ro p e r ty  which 
w i l l  be  needed i n  an u n usual  fo rm . (S e e  C o r o l l a r y  1 . 1 . 6 ) .
Theorem 1 . 1 . 5
F or  e a c h  p a i r  o f  p o s i t i v e  i n t e g e r s  m and n t h e r e  i s  a s h o r t  e x a c t  
seq u ence  o f  a b e l i a n  groups and homomorphisms:
1 — ^ ( z / i j n . n j z ) * — ^  (z/mZ)* X (z/nZ)*—- £ - > ( z / ( r a ,n ) z ) * —> 1  
where f(a+|Tm,hjZ) = (a+mZf a+nZ) and g(a+mZ,b+nZ) = (a + (m ,n )z ) (b + (m ,n )z )  
P r o o f  f  i s  an i n j e c t i v e  and g a s u r j e c t i v e  group homomorphism by 
Lemma 1 . 1 . 4 «  K e r (g )  i s  th e  s e t  o f  (a+mZ,b+nZ) w ith  a s  b mod((mf n ) ) f 
which i s  th e  same a s  I m ( f )  by Lemma 1 . 1 . 4 ( i i ) .  ( S i n c e  th e  map o f  
Lemma 1 . 1 . 4 ( i i )  i s  i n j e c t i v e ,  t h e  in v e r s e  image o f  th e  group o f  u n ite  
in  t h e  image r i n g  must be t h e  group o f  u n i t s  o f  Z / (m ,n ]z ) .
Note The sequence s p l i t s .
C o r o l l a r y  1 . 1 . 6
For a l l  p o s i t i v e  i n t e g e r s  m and n
¿((m ,n))/(]m ,nZ) “  ¿ ( m) / ( n) *
P r o o f  I n s p e c t  th e  o r d e rs  o f  t h e  f i n i t e  groups i n  th e  e x a c t  sequence.
/(m) may b e  c a l c u l a t e d  by f a c t o r i s i n g  ra i n t o  a product o f  prime 
pow ers, u s in g  t h i s  r e s u l t ,  and n o t in g  t h a t
^ (p a ) m pa—pa  ^ f o r  p prim e and a ^ 1 .
Note The s h o r t  e x a c t  sequence  o f  Theorem 1 . 1 . 5  may r e i n t e r p r e t e d  
as a  seq u ence  o f  G a l o i s  g ro u p s .  I n  th e  n o t a t i o n  exp la ined  i n  1 .2
to
(■below) i t  i s  t h e  same a s  t h e  sequence
l - ^ G a l ( Q ( D!'>,* J / l - )/ Q )-£ > G a l ( Q ( î y ~ r ) / Q ) X G a l ( Q ( V î “ )/Q) -%>Gal(Q( 
where f ( s )  » ( r e s t r i c t i o n  o f  s ( r e s t r i c t i o n  o f  s )  and 
g ( s , t )  = ( r e s t r i c t i o n  o f  s ) ( r e s t r i c t i o n  o f  t )
1 . 2  G a l o i s  t h e o r y  and cy c lo to m ie  f i e l d s
I f  L/K i s  a  f i e l d  e x te n s io n  o f  f i n i t e  d e g r e e  w r i t e  
G al(L/K) -  th e  group o f  automorphisms o f  L w h ich  f i x  K p o in tw is e ,
( t h e  G a l o i s  group o f  L over K ) .
L e t  K he a f i e l d  o f  c h a r a c t e r i s t i c  z e r o ,  and m he any p o s i t i v e  
i n t e g e r .  W rite  L = K ( ^  1 ) f o r  th e  s p l i t t i n g  f i e l d  over  K o f  th e  
p o ly n o m ia l  xm- l .  I f  ^  i s  any p r i m i t i v e  mt h  r o o t  o f  u n i t y  i n  L, th e n  
t h e  z e r o s  o f  xm- l  a r e  p r e c i s e l y  1 ,  ^ , .  . .   ^ and L *= k C ^ J .  I f
g ^ G a l ( L / K )  th e n  g must he a n o th e r  p r i m i t i v e  r o o t  o f  u n i t y ,  and 
s o  g  ?  = $  11 f o r  some i n t e g e r  k w ith  (k ,m ) = 1 .  I t  i s  e a s i l y  checked 
t h a t  t h e  map g»—>k g iv e s  a c a n o n ic a l  i n j e c t i o n  ( i . e .  independent o f  
t h e  c h o i c e s  o f  J  and k )  o f  Gal(L/K) i n t o  (z/ m Z )*f and t h a t  t h i s  
i n j e c t i o n  i s  a  group homomorphism. I n  p a r t i c u l a r  C^(>/ 1 ) : i c j  
d i v i d e s  /(m )  and t h e  G a lo is  group o f  t h i s  e x t e n s i o n  i s  a h e l i a n .
Hence a l l  f i e l d s  l y i n g  between K and K ( S / T  ) a r e  normal ( s e p a r a b le )  
e x t e n s i o n s  o f  K.
Theorem 1 . 2 . 1
( i )  q ( 7 ^ "  ) i s  a  normal e x t e n s i o n  o f  Q o f  d e g r e e  / (m ).  I t s  G a lo is  
group i s  n a t u r a l l y  isom orphic  t o  (z/mZ) .
( i i )  b a s i s  f o r  t h e  Z-module o f  a l g e b r a i c  i n t e g e r s  i n  Q(^/ 1 ) i s
1 ,  .  . . ,  where S* i s  a  p r i m i t i v e  mt h  r o o t  o f  u n i t y .
P r o o f  S e e  ( f o r  exam ple) B . J .  B i r c h s  "C y c lo to m ie  f i e l d s  and Kummer 
e x t e n s i o n s " ,  C h a p ter  I I I  i n  C a s s e l s  & F r o h l i c h  ( e d . ) s " A l g e b r a i c  Number 
Theory  , Academic P r e s s  ( 1967) .
Lemma 1 . 2 . 2
I f  L i s  a  normal s e p a r a b le  e x t e n s i o n  o f  K and 
K an a r b i t r a r y  e x t e n s i o n ,  a l l  c o n ta in e d  i n s i d e  
some l a r g e r  f i e l d ,  th e n  Gal(LK/K) ~  G a l (L / L r tK ) ,
8Hence [ LKs k J = [ jL :L / iK 3 .
P r o o f  T h is  i s  a  s p e c i a l  c a s e  o f  a s tan d ard  r e s u l t  i n  G a lo i s  t h e o r y .
See  ( f o r  example) Lang: " A lg e b r a " ,  C h apter  V I I I ,  S e c t i o n  1 ,  Theorem 4 .
P r o p o s i t i o n  1 . 2 . 3
I n  any a l g e b r a i c  c l o s u r e  o f  Q, ( i )  i  ) Q ( V  1 )  “  Q(£'m>1^ /  1 )
( u )  Q ( 7 T ) n Q ( V ^ ) - « ( (m ,ni r r )
P r o o f  ( i )  I f  f  i s  a  p r i m i t i v e  m^ h r o o t  o f  u n i t y  and 7) a  p r i m i t i v e  
nt h  r o o t  o f  u n i t y ,  th e n  f i ?  i s  a  p r i m i t i v e  £m, n T h r o o t  o f  u n i t y .
( i i )  Applying Lemma 1 . 2 . 2  w ith  L = Q(\/ 1 ) t  K « Q(v/ 1 ) g iv e s  
C q( V T ) , L ^ ^  -  : Q ( V - r H  u s i n g  ( i )
= / ( & ,n| )//i(n) by Theorem 1 . 2 . l ( i )
“ / (m )/ ^ ((ra ,n ))  by C o r o l l a r y  1 . 1 . 6  
-  & ( 7 ^ ) : Q ( (m’ n)>/"l“ 3  b y  Theorem 1 . 2 . l ( i ) .  
The r e s u l t  fo l l o w s  s i n c e  c l e a r l y  L/■»K.5Q(^ra, nl/~ Z ~)•
In  o rd er  t o  m an ip u la te  cy c lo to ra ic  f i e l d s  l a t e r  we w i l l  need 
some t e c h n i c a l  lemmas on G a lo is  groups. I f  H i s  a  subgroup o f
TT
Gal(L/K) and H i s  a s u b f i e l d  o f  L we w r i te  M f o r  t h e  s u b f i e l d  o f  
p o in t s  o f  K f i x e d  by e a ch  element o f  H. I f  g ^ G a l (L / K )  we w r i t e  K®
TJ
f o r  K where H i s  th e  c y c l i c  subgroup g e n e r a te d  by  g .
P r o p o s i t i o n  1 . 2 . 4
L et L and K be f i n i t e  e x te n s io n s  o f  M b o th  c o n t a in e d  i n  some l a r g e r  
f i e l d .  I f  H i s  a  subgroup o f  Gal(LK/M) th e n
( i )  L n K 11 « ( L f l K ) H
( i i )  I f  L i s  a  normal s e p a r a b le  e x te n s io n  o f  K and g r e s t r i c t s  t o  th e
i d e n t i t y  map on K f o r  a l l  g £ H ,  ( i . e .  = " K ) ,  th e n
(LK)H -  L ^  and ( u C t L V ]  = £ l :L HJ  .
P r o o f  ( i )  O bvious.
( i i )  By Theorem 2 ,  page 1 9 4 f C h a p te r  V I I I  o f  L a n g 's  " A l g e b r a " , 
ÎÎ iK î (LK)^.J «* th e  order  o f  H.
S i n c e  L i s  a normal s e p a r a b le  e x t e n s i o n  o f  M and e a c h  g ^ H  a c t s  
t r i v i a l l y  on K, H must a c t  f a i t h f u l l y  as a group o f  automorphisms on 
L .  Hence by th e  same theorem , t h e  order o f  H i s  e q u a l  t o  t r L ^ l  
which i s  g r e a t e r  th a n  or e q u a l  t o  by  g e n e r a l  f i e l d  t h e o r y .
However L ^ Ç Î L K ) 3  s in c e  H a c t s  t r i v i a l l y  on K. The r e s u l t  f o l l o w s  
im m e d ia te ly .
P r o p o s i t i o n  L 2 .5
I f  L and K a re  norm al s e p a r a b le  e x te n s io n s  o f  M o f  f i n i t e  d e g re e  and 
a r e  b o th  co n ta in ed  in  some l a r g e r  f i e l d ,  and g ^ G a l(L K /M ), th en  
U LK)S sLe KSJ  = ( f L : L eJ , £ c : K ^ ) / / L / l K : ( L n  K )g J  .
P r o o f  C l e a r l y  (LK)g ?  L®K®. Now
/(^LK)e îL gK ^  = ¿LK:LKe l^L,Kg :L 6K ^ / / L K :(L K ) g 3  ,
However [ lKS :L BKBJ  = b y  P r o p o s i t i o n  1 . 2 . 4 ( i i )  w ith  H th e
c y c l i c  group g e n e r a te d  by g ,  and [ lK:(UC)bJ  = t h e  o rd e r  o f  g  a c t i n g  
on LK by Theorem 2 ,  Chapter V I I I  o f  L a n g 's  " A l g e b r a " ,  and t h i s  i s  
t h e  l e a s t  common m u lt ip le  o f  t h e  orders  o f  g  a c t i n g  on L and on K, 
t h a t  i s  th e  l e a s t  common m u l t i p l e  o f  [L:LeJ  and ^K:K^Jby t h e  same 
th e o re m . Hence, u s in g  P r o p o s i t i o n  l . l . l ( v ) ,
¿L K :(L K )e U =  [l:LgJ  ¡JC:KeJ  / ( £ L :L KJ ,  £k :K ^ I)  and so  
£(LK )g ;L gKgJ  -  ( CL : L ^ J , tK ' KgJ ) . (LK : LKgJ / J k : KgJ .
Now (K :K gU/CLK:LKg J  -  r K :K g 7£LKg :KgJ/CLK:KgJ  -  ClK ^ K ^ / O lKsk]
■ C L :L n K gJ/ / L sL o K 7  u s i n g  Lemma 1 . 2 . 2  tw ic e  
= ( I n K i L ^ K ® ]  -  Bj » K :  (Lr> K )^ ]u s in g  
P r o p o s i t i o n  1 . 2 . 4 ( i ) .  T h is  co m p le te s  th e  p r o o f .
C o r o l la r y  12. 6
W ith th e  hypotheses  o f  P r o p o s i t i o n  1 . 2 . 5 t (L K )g ■ LgKg i f  and on ly  i f  
t h e  o r d e r  o f  g on L<%K ^  ( o r d e r  o f  g on L ,o r d e r  o f  g  on K ) .
P ro o f  S u b s t i t u t i n g  t h i s  i n e q u a l i t y  i n  th e  s ta te m e n t  o f  P r o p o s i t i o n  1 . 2 . 5 t 
we f i n d  t h a t  t h e  f i e l d  in d ex  i s  an i n t e g e r  ^ * 1 .  I n  p a r t i c u l a r  we 
see  t h a t  e q u a l i t y  must h o ld  i f  th e  i n e q u a l i t y  d oes .
P r o o f  S u b s t i t u t i n g  t h i s  i n e q u a l i t y  i n  th e  s ta te m e n t  o f  P r o p o s i t i o n  1 . 2 . 5 ,
we f i n d  t h a t  th e  f i e l d  in d ex  i s  an i n t e g e r  ^ 1 .  I n  p a r t i c u l a r  we 
s e e  t h a t  e q u a l i t y  must hold  i f  t h e  i n e q u a l i t y  d o e s .
II
1 . 3  W it t  v e c t o r s  and p - a d i c  f i e l d s
A (n o n -a rch im e d ea n )  v a l u a t io n  on a (com m u tative)  i n t e g r a l
domain R i s  a  map / l : R -------^ the  r e a l  numbers, w r i t t e n  xt—^ lx l ,  such
t h a t  ( i )  l x  1 ^ 0  and |x| = 0  i f  and o n ly  i f  x  ■= 0
( i i )  Ixy / = J x l f y i  f o r  a l l  x , y £ R
( i i i )  Ix+yl ^  m a x ( fx | ,| y f )  f o r  a l l  x , y  £ R .
R becomes a m e t r i c  space  i f  we d e f in e  d ( a fb )  «* l a —h I .  R i s  s a id  t o  h e  
co m p le te  (w ith  r e s p e c t  t o  / /) i f  t h i s  makes i t  a com plete  m etrio  
s p a c e .  Two v a l u a t i o n s ,  I I and I Ig , on R a re  s a id  t o  he e q u iv a le n t  
i f  /x j 2 “ J x i *  f o r  some f i x e d  t  and a l l  x € R .  ( i n  f a c t  i t  may he 
shown t h a t  t h i s  happens i f  and only  i f  t h e  two v a l u a t io n s  d e f in e  th e  
same to p o lo g y  on R ) .  A v a l u a t i o n )  I i s  c a l l e d  d i s c r e t e  i f  th e  s e t  o f  
a l l  I x l  f o r  0 /  x £ R  i s  a  d i s c r e t e  s u b s e t  (and henCe c y c l i c  subgroup) 
o f  t h e  p o s i t i v e  r e a l  numbers.
A d i s c r e t e  v a l u a t i o n  r i n g  i s  an i n t e g r a l  domain R w ith  a 
d i s c r e t e  n o n -a rc h in e d e a n  v a l u a t i o n  I I su ch  t h a t  I x l ^ l  f o r  a l l  x ^ R ,  
and I x l  m 1 i f  and only  i f  x  i s  a  u n i t  i n  R .  In  t h i s  c a s e  R i s  a 
l o c a l  r i n g  w i th  un ique maximal i d e a l ' h n ,  t h e  s e t  o f  x  w ith  /x|^* 1 ,  
c a l l e d  th e  v a l u a t i o n  i d e a l  o f  R .  R i s  a l s o  a p r i n c i p a l  i d e a l  domain. 
R / tw  i s  c a l l e d  th e  r e s id u e  c l a s s  f i e l d  o f  R .  The e q u iv a le n c e  c l a s s  
o f  I I i s  c o m p le te ly  d eterm ined  b y ? r t . .  I n  what fo l lo w s  we do not 
d i s t i n g u i s h  betw een e q u iv a le n t  v a l u a t i o n s .
L et  k  b e  a f i e l d  o f  c h a r a c t e r i s t i c  p ft 0 .  A r i n g  o f  W itt 
v e c t o r s  f o r  k  i s  a p a i r  ( R , i )  such t h a t
Wl. R i s  a  com plete  d i s c r e t e  v a l u a t i o n  r i n g  o f  c h a r a c t e r i s t i c  0
W2. The maximum i d e a l  o f  R i s  pR
W3. i  i s  a  f i e l d  isomorphism i s R/ p R— k
Theorem 1 , 3 . 1
L e t  k  be a p e r f e c t  f i e l d  o f  c h a r a c t e r i s t i c  p / 0 .
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( i )  T h ere  e x i s t s  a  r i n g  o f  W itt  v e c t o r s  ( R f i )  f o r  k .
( i i )  I f  ( R , i )  and ( S , j )  ho th  s a t i s f y  c o n d i t i o n s  
Wl, W2 and W3, th e n  t h e r e  i s  a  unique 
isomorphism betw een R and S making th e
diagram on th e  r i g h t  commute. We w r i t e  k —........... ■ =  k
W(k) f o r  th e  ( e s s e n t i a l l y )  unique r i n g  R o f  W itt  v e c t o r s  f o r  k .
( i i i )  The correspond ence  k I— ^W(k) i s  a  f u n c t o r  from th e  c a te g o r y  o f  
p e r f e c t  f i e l d s  o f  non -zero  c h a r a c t e r i s t i c  and monomorphisms t o  
th e  c a te g o r y  o f  complete d i s c r e t e  v a l u a t i o n  r i n g s  and 
monomorphisms.
P r o o f  See Chapter 6 o f  M .J .  Greenberg: " L e c t u r e s  on forms i n  many 
v a r i a b l e s " ,  Ben jam in ( 1969) as  fo l l o w s :
( i )  S ee  th e  c o n s t r u c t i o n  on pages 81—9 1 .
( i i )  See Theorem 6 . 3 ,  page 8 0 .
( i i i )  C le a r  from th e  c o n s t r u c t i o n  used i n  p ro v in g  ( i )
The g e h e r a l  c o n s t r u c t i o n  o f  W itt  v e c t o r s  used i n  p a r t  ( i )  o f  
th e  p r o o f  o f  t h i s  theorem does not make r o u t i n e  a r i t h m e t i c  i n  W(k) 
v e r y  e a s y .  However our main i n t e r e s t  w i l l  be  i n  th e  c a s e  k = F^, 
t h e  f i n i t e  f i e l d  w ith  q = pn e lem ents  where p i s  prim e . F o r  t h i s  ca s e  
we may use p r o p e r t i e s  o f  p -a d ic  numbers t o  g i v e  an a l t e r n a t i v e  
c o n s t r u c t i o n  o f  W (F^).
Let p be a prime number and Q th e  f i e l d  o f  r a t i o n a l  numbers.
We may d e f in e  a non-archim edean v a l u a t io n  I on Q by s e t t i n g  jo l^ O  
and /a/bfp ■ pm-n where pn (pm r e s p e c t i v e l y )  i s  th e  h i g h e s t  power o f  
p d i v i d i n g  a (b  r e s p e c t i v e l y ) .  L et  be th e  m e tr i c  sp a ce  com pletion  
o f  Q w ith  r e s p e c t  t o  t h i s  v a l u a t i o n .  The f o l l o w in g  r e s u l t s  are
R _____
l
R/pR
I
" 7
S/pS
s ta n d a r d .
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Theorem 1 . 3 . 2
( i )  Qp has a unique f i e l d  s t r u c t u r e  e x te n d in g  t h a t  o f  Q such  t h a t  th e
f i e l d  o p e r a t io n s  ( x , y ) l — >xy, ( x , y )  )— >x+y and x»—>x  ^ ( f o r  x  /  0)
a r e  co n t in u o u s  f u n c t i o n s ,  t / e x te n d s  u n iq u e ly  t o  a co n t in u o u s
P
non-archim edean v a l u a t i o n  on
( i i )  Zp = th e  s e t  o f  x € Q p  w ith  lx l^ ^ .1  i s  a  com plete  d i s c r e t e  
v a l u a t i o n  r i n g  w ith  f i e l d  o f  f r a c t i o n s  Qp.
( i i i )  The v a l u a t i o n  i d e a l  o f  Z i s  pZ and th e  r e s id u e  c l a s s  f i e l d
'  P P
i s  F w ith  r e s id u e  c l a s s  r e p r e s e n t a t i v e s  0 , 1 , . . . , p -1  a s  i n  z/pZ.
P
( i v )  Every element a o f  Zp may he w r i t t e n  u n iq u e ly  i n  th e  form
a = a Q + B jp  + . .  .  + a i p1 + .  .  .  w ith  O ^ a ^ p - l ,  an i n t e g e r ,
and th e  obvious r u l e s  o f  m u l t i p l i c a t i o n  and a d d i t i o n .  ( S u b t r a c t i o n  
may be reduced t o  t h e s e  by n o t i n g  t h a t
- 1  = ( p - 1 )  + ( p - l ) p  + ( p - l ) p 2 + I f  & /  0 ,  th e n
|a/p = p_ i  where i  i s  th e  l e a s t  i n t e g e r  w ith  a^  ^ / 0 .  Every
elem ent o f  Qp may b e  w r i t t e n  a s  p na f o r  some a 6 Z p , n £ Z .
P r o o f  O m itted .
I n  p a r t i c u l a r  ( i i )  and ( i i i )  show t h a t  W(Fp ) = Zp . We next 
c o n s t r u c t  W(F^) by exam ining c y c l o to m ic  e x te n s io n s  o f  Qp.
I f  F  i s  a  f i e l d  com plete  w i th  r e s p e c t  t o  a d i s c r e t e  non- 
archim edean v a l u a t i o n  | |, th e  s u b r i n g  o f  a l l  x £ F  w ith  I x l g l  i s
c a l l e d  t h e  v a l u a t i o n  r i n g  ( o r  r i n g  o f  i n t e g e r s )  o f  F ,  and i s  a 
com p le te  d i s c r e t e  v a l u a t i o n  r i n g  w ith  F as  f i e l d  o f  f r a c t i o n s .  I t s  
r e s id u e  c l a s s  f i e l d  i s  c a l l e d  t h e  r e s id u e  o l a s s  f i e l d  o f  F .
Theorem 1 . 3 . 3
I f  F  i s  a  f i e l d  com p le te  w ith  r e s p e c t  t o  a d i s c r e t e  non-archimedean 
v a l u a t i o n ,  t lp , and E i s  an e x t e n s i o n  o f  F o f  d eg ree  n ,  th e n
( i )  l x l £  -  (/ N j^ p x l j , )1/11 i s  t h e  un ique  non-arohimedean v a l u a t io n  on 
E e x te n d in g  t h e  one on F ,  where NEyp : E - * F  i s  th e  norm map.
IH
( i i )  E i s  co m p le te  w ith  r e s p e c t  t o  t h i s  v a l u a t i o n  which i s  d i s c r e t e .
( i i i )  The v a l u a t i o n  r i n g  o f  E i s  th e  i n t e g r a l  c l o s u r e  o f  t h a t  o f  P in  E.
( i v )  The i n c l u s i o n  map o f  v a l u a t io n  r i n g s  in d u ces  a monomorphism
P r o o f  S e e ,  f o r  exam ple, O .T . O 'E e a ra r  " I n t r o d u c t i o n  t o  Q u ad ratic  
F o r m s " ,  S e c t i o n  1 4 ,  S p r in g e r -V e r la g  (1 9 6 3 )  f o r  th e  e x i s t e n c e  and 
u n iq u e n e ss  o f  t h e  e x te n s i o n ,  s e c t i o h  16 f o r  i t s  d i s c r e t e n e s s ,  th e
w ith  r e s p e c t  t o  t h e  unique e x te n s io n  o f  th e  p - a d i c  v a l u a t i o n ,  I 1^, 
t o  E .  O therw ise  th e  e x te n s io n  i s  s a id  t o  be r a m i f i e d .  S u b exten sio n s  
o f  u n ra m if ie d  e x t e n s i o n s  a re  u n ra m if ie d .
Theorem 1 . 3 . 4
F o r  each  p o s i t i v e  i n t e g e r  f
( i )  t h e r e  i s  a  un ique u n ra m ifie d  e x te n s io n  E o f  o f  d e g r ta  f ,
( i i )  i t  i s  th e  s p l i t t i n g  f i e l d  o f  th e  po ly no m ial  xq where q -  pf ,
o n e s .
P r o o f  See s e c t i o n  32 o f  th e  book by O'Meara. The c o n d i t i o n  " o f
r e s id u e  (Class f i e l d  o f  F ------- ^ r e s i d u e  c l a s s  f i e l d  o f  E .
p r o o f  o f  e x i s t e n c e  and uniq u eness  f o r  p a r t  ( i i i ) ,  and th e n  ( i v )  
f o l l o w s  from t h e  o th e r s  by e lem en tary  a l g e b r a .
A f i n i t e  e x te n s io n  E o f  i s  s a id  t o  b e  u n ra m if ie d  i f
v a l u a t i o n  i d e a l  o f  E « p . ( v a l u a t i o n  r i n g  o f  E)
Gal(E/Qp) i s  c y c l i c  o f  o rd er  f  g e n e r a te d  by t h e  unique 
automorphism CT such t h a t  lc7a-a? I ^ ^ l  f o r  a l l  a  w ith  l a f E^  1 .
( i v )  The r e s id u e  c l a s s  f i e l d  o f  E i s  F  w ith  r e s id u e  c l a s s'  q
r e p r e s e n t a t i v e s  0 ,  5T2 , . . . , S >q~2 , 1 -  l f where f  i e  a
p r i m i t i v e  ( q - 1 ) * * 1 ro o t  o f  u n i ty  i n  E .  The automorphism C  o f
( i i i )  a c t s  by
( v )  The on ly  r o o t s  o f  u n i t y  i n  E o f  d egree  prime t o  p a re  th e  ( q - l ) th
d e g r e e  prime t o  p"  i n  ( v )  can be om itted  by t h e  n ext theorem
I n  th e  n o t a t i o n  o f  t h i s  theorem we w r i t e  E = Q and w r i t e
q
Z f o r  th e  v a l u a t i o n  r i n g  o f  Q .  (B o th  o f  t h e s e  n o t a t i o n s  a r e
q q
non-standard-, h u t  th e y  seem q u i t e  a p p r o p r ia te  i n  t h i s  c o n t e x t ) .  By 
p a r t s  ( i )  and ( i v )  o f  t h e  theorem  Zq = W (P^). I t  does  not seem 
p o s s i b l e  t o  g iv e  such a s im p le  d e s c r i p t i o n  o f  th e  f i e l d  o p e r a t io n s  
i n  a s  i n  Theorem 1 . 3 . 2 ( i v ) ,  b u t  we do n o t  need t h i s .
Next we examine c y c lo to m ie  e x t e n s i o n s  o f  Q^.
Theorem 1 . 3 . 5
( i )  There  i s  a  un ique  u n ra m if ie d  e x t e n s i o n  o f  o f  d eg ree  f ,  th e
r —1
f i e l d  Q^, t h e  s p l i t t i n g  f i e l d  o f  th e  polynom ial x  - 1 ,  where 
fr  = q .
( i i )  I f  (m ,q) = 1 ,  Qq ( 7 T )  i s  an u n ra m if ie d  e x t e n s i o n  o f  o f  
d egree  f  «* t h e  l e a s t  p o s i t i v e  i n t e g e r  such t h a t  m d iv id e s
X»
q - 1 .  ( i n  f a c t  f  d iv id e s  ^ ( m ) ) .
( i i i )  I f  u b  pa m w ith  m and f  a s  i n  ( i i ) ,  and q a power o f  th e  prime 
p ,  th e n
( a )
( b )  I f  ^  i s  a p r i m i t i v e  mt h  r o o t  o f  u n i t y ,  and 'rj a  p r i m i t i v e
pat h  r o o t  o f  u n i t y ,  th e n  GaliQ^^J/ 1 )/Qq ) i s  th e  i n t e r n a l
d i r e c t  sum o f  t h e  c y c l i c  subgroups w ith  g e n e r a t o r s  as  f o l l o w s :
f o r  p odd, 0 "  and O ’ such t h a t  ram F r
f o r  a l l  i  and j ,  where k i s  a
g e n e r a t o r  o f  (z/p z )  which i s  c y c l i c  by e le m e n ta ry  number 
t h e o r y ,
f o r  p *= 2 ,  q ]^ 8 ,  C7’ 1 , O ’ and 0"V,r  where iB  as  afc° v e i
and < ^ ( f  iyl d) -  f o r  a l l  i , J .
Note We w r i t e  G f o r  t h e  subgroup g e n e r a te d  by C  o r  by O , and -------  ram ram 1
O 2  as  a p p r o p r i a t e ,  and Gpr  f o r  th e  c y c l i c  subgroup g e n e ra te d  by 
The G a lo is  group i s  always th e  d i r e c t  sum of  th e s e  two subgroups, but
Ilo
f o r  q = 2 G h a s  o n ly  one e le m e n t ,  and f o r  q = 4 i t  has order 2 .  ram
" F r "  and "ram" a r e  a b b r e v i a t i o n s  o f  " F r o b e n i u s "  and " r a m i f i e d " .
P ro o f  ( i )  i s  an im m ediate conseq uence  o f  Theorem 1 . 3 « 4 ( i )  a nd ( i i ) .
( i i )  R edu cing  modulo m, q g iv e s  an e lement o f  th e  group (z/mz) , and
so t h e r e  i s  a l e a s t  i n t e g e r  f  ( n e c e s s a r i l y  d iv id in g  /(m ))  such t h a t
f* fq S i  mod(m). Hence m d iv id e s  q - 1  = r - 1  in  th e  n o t a t i o n  o f  ( i ) ,
and s o  Q^(iy T *  ) £ q^ and must be u n ra m if ie d  o f  d egree  d iv id in g  f .
The r e s u l t  fo l l o w s  by ( i )  and Theorem 1 . 3 « 4 ( v ) .
( i i i )  ( a )  By ( i i )  i t  i s  enough t o  show t h a t  a p r i m i t i v e  p&t h  r o o t  o f  
u n i ty  'YJ has d e g r e e  / ( p a ) over  f o r  any r  = p^. L et = T) - 1 .
a—1
Now Tjl 1 /  r jP , and so  A i s  a  r o o t  o f  th e  polynom ial 
h ( x )  = ( ( ^ + 1 ) P - l ) / ( ( x + l ) p - 1 ) .
/ \ a a—1
B y . i n s p e c t i o n  d e g (h )  = p -p / (p &) f  and h has l e a d in g  c o e f f i c i e n t
1 ,  c o n s t a n t  term  p ,  and a l l  o t h e r  c o e f f i c i e n t s  d i v i s i b l e  by p .  So 
h (x )  i s  an " E i s e n s t e i n "  p o ly n o m ia l ,  and t h e  r e s u l t  fo l lo w s  by 3 2 :1 5  
o f  O 'M e a ra 's  b o o k .
( i i i ) ( b )  By th e  p r o o f  o f  ( i i i ) ( a )
Qq( y r " )  -  Qq( 7 ^ _ )Qq(pv/T" ) .  Qq( T i " ) o e q(p7 T )  - V
The r e s u l t  i s  now a s t r a i g h t f o r w a r d  a p p l i c a t i o n  o f  Theorem 5 of 
s e c t i o n  1 ,  C h a p ter  V I I I  i n  L a n g 's  " A lg e b r a " .  (F o r  p -  2 ,  we note 
t h a t  (z / 2 a z ) *  i s  g e n e r a te d  by - 1  and 5)»
\
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S e c t i o n  2 The F i e l d  Generated by th e  C h a r a c t e r s  o f  a F i n i t e  Group
Throughout t h i s  s e c t i o n  G i s  a  f i n i t e  group , and m i s  a 
p o s i t i v e  i n t e g e r  w ith  gm » 1 f o r  a l l  g € G .  ( F o r  example, m c o u ld  
he th e  order o f  G or any o th e r  m u lt ip le  o f  t h e  exponent o f  G ) .  A l l  
r e p r e s e n t a t i o n s  o f  G co n s id e re d  a re  over f i e l d s  o f  c h a r a c t e r i s t i c  
z e r o .
2 .b  K (G), f ( G )  and P ( G , K )
Let L he a f i e l d  o f  c h a r a c t e r i s t i c  z e r o ,  V a v e c t o r  sp a ce  o f  
d im ension  n over L and R rG — ^GL(V) a r e p r e s e n t a t i o n  o f  G i n  t h e  
automorphism group o f  V, w ith  c h a r a c t e r  .  Then f o r  each g £ G  
R ( g ) “  -  R(gm) -  R ( l )  = I ,
and so th e  e ig e n v a lu e s  WjL, . . . , w n o f  R (g )  a r e  r o o ts  o f  u n i t y  i n  
some a l g e b r a i c  e x t e n s i o n  o f  L. Hence
% ( g )  -  + .  .  .  + wn €  q( 7 T  )
where Q i s  ta k e n  a s  th e  prime f i e l d  o f  L.
D e f i n i t i o n s  ( i )  I f  K i s  a  f i e l d  o f  c h a r a c t e r i s t i c  z e ro ,  d e f in e
K(G) «* th e  s u h f i e l d  o f  1 ) g e n era ted  over  K hy th e  numbers
■)£(g) f o r  a l l  g € G  and a l l  a b s o l u t e l y  i r r e d u c i b l e  c h a r a c t e r s
X  o f  ° *
( i i )  P ( G )  -  th e  s e t  o f  k  i n  (z/mZ)* such t h a t  g  i s  co n ju g a te  t o  gk
f o r  a l l  g C G .
( i i i )  P  (G,K) » P ( 0 ) / >  Gal(K(iJ/ 1 )/K) where t h e  G a lo is  group i s
n a t u r a l l y  i d e n t i f i e d  w ith  a subgroup o f  (z/mZ) as  
a t  th e  b eg in n in g  o f  1 . 2 .
N otes  ( i )  The a b s o l u t e l y  i r r e d u c i b l e  c h a r a c t e r s  o f  0  a re  d e f in e d  
i n  Q ( 7  1 ) and do not depend on th e  o h o ic e  o f  th e  f i e l d  K.
( i i )  gk i s  w e l l - d e f i n e d  f o r  g €  G and k £ ( z / m Z ) *  s in c e  gm -  1 .
( i i i )  I t  i s  e a s i l y  see n  t h a t  P  (G) i s  a subgroup o f  (Z/mZ) , and 
t h a t  P { G,K) i s  a  subgroup o f  Gal(K(iJ/~T )/k ) .
so
/8
These d e f i n i t i o n s  a r e  l in k e d  hys 
Theorem 2 . 1 . 1
K(G) -  K ( 7 T  ) ^ ( G' K) ( f i e l d  o f  f i x e d  p o i n t s )
P r o o f  C e r t a i n l y  K(G) = K(^J/ 1 )H f o r  some unique  subgroup H o f
G a l ( K ( 7 T  )/ K ).  Let R b e  a r e p r e s e n t a t i o n  o f  G w ith  c h a r a c t e r
and g €  G sufih t h a t  R (g )  has  e ig e n v a lu e s  w^, . . .  »wn * Then f o r '
k £  (Z/mZ) , R (g  ) = R (g )  has  e ig e n v a lu e s  w^, . . .  , wq and so
k  k kX . ( s )  = w1 + . . .+ w  and % ( g  ) = w1+ . . . + wq = ) £ ( g )  a c t e d  upon by t h e  
e lem en t  k  o f  Gal(Q(^/ 1 )/ q ) « (z/mZ/*.
In  p a r t i c u l a r  f o r  k C P ( G ) ,  JK.(g) “ X. ( s ^ )  an<^  so  i® i n v a r i a n t  
tinder th e  a c t i o n  o f  k .  Hence /'t(G,K)CTH.
C o n v e rse ly  l e t  k  b e  i n  G a l(K ( 1^ / 1 )/K) but not i n  P ( G , K ) .  
Then t h e r e  i s  some g £  G which i s  not c o n ju g a t e  t o  g , and hence some 
a o s o l u t e l y  i r r e d u c i b l e  c h a r a c t e r  ^  o f  G su ch  t h a t  ^ ( g )  / )•
Hence k i s  not i n  H, and s o  H i P i G ) ,
C o r o l l a r y  2 . 1 . 2
K(G) = K i f  and on ly  i f  P ( G , K )  -  G a l ( K ( ^ T  )/ K ) , 
i f  and on ly  i f  P ( G ) ^  G a l ( K ( ! y T ) / K ) .
P r o o f  obvious by G a lo is  t h e o r y  and th e  d e f i n i t i o n  o f  P (  Q ,K ).
C o r o l l a r y  2 . 1 . 3
[ k (G ): kJ  m i G a l ( K ( ^ " T ) / K ) s r ( G fK )]  .
P r o o f  Obvious by G a lo is  t h e o r y .
Note The t re a tm e n t  above fo l l o w s  t h a t  o f  J . P .  S e r r e :  " R e p r e s e n t a t io n s  
L i n e a i r e s  des Groupes F i n i s " ,  P a r t i e  I I ,  S e c t i o n  1 2 .3  (Hermann 1967) .
* ¿ T p
n
2 . 2  C y clo tom ie  e x t e n s i o n s  o f  th e  r a t i o n a l  and p - a d i c  f i e l d s
I f  n d iv id e s  m, l e t  f mns(z/ m z)*----- ^ ( z / n z ) *  he d e f in e d  a s  i n
Lemma 1 . 1 . 4 ( i ) .  I n  p a r t i c u l a r
K e r ( f  ) = th e  s e t  o f  k € (z/ raZ )*  w ith  k  ~  1  m od(n).
Theorem 2 . 2 . 1
( i )  Q(G) = Q i f  and o n ly  i f  T ( G )  = (z/mZ)*.
( i i )  Q ( G ) S Q ( y T )  i f  and only i f  T ( G ) 2  K e r ( f m> ( ra, n ) ) and i n  
that case ice) » Q(^m’ n)/ D H where H " fm,(m,n)(r (G»-
P r o o f  ( i )  i s  a  s p e c i a l  c a s e  o f  ( i i ) .
( i i )  C e r t a i n l y  Q ( G ) Ç q(^/“ T )  i f  and only  i f  Q(G) i s  c o n ta in e d  i n  
Q ( V T ) * Q ( y - n  -  Q ((m' n)^ " )  *by P r o p o s i t i o n  l« 2 * 3 y  and so  i t  i s  
enough t o  c o n s i d e r  th e  c a s e  '*n d iv id e s  m11 and we must prove t h a t  
G a l ( Q e y T ) / Q ( y T ) )  -  n r ( f  J .
Let w he a p r i m i t i v e  n r o o t  o f  u n i t y ,  and k Ç(Z/mZ) • Then 
w  ^ = w i f  and on ly  i f  k  s  1 mod(n), i . e .  k ^ K e r ( f  )•
I f  m -  pan w ith  ( p , n )  -  1 ,  and q i s  a  power o f  t h e  prime p , 
th e n  hy Theorem 1 . 3 . 5  Gal(Q  ( V " T "  )/Q ) = 0  ® Q p r t where
4  4
Gram “ th e  s e t  o f  k ^ ( z/mZ) w ith  k s  1 m od(n), and GF r  i s  g e n era ted  
hy t h e  unique k € ( z / m Z ) *  w ith  k » 1 mod(p&) and k = q mod(n).
With t h i s  n o t a t i o n  th e  r e s u l t s  o f  2 . 1  g ive
Theorem 2 . 2 . 2
( i )  Qq(G) i s  an u n ra m if ie d  e x te n s io n  o f  i f  and o n ly  i f
T  ( G ) = » K e r ( f  ) ram
( i i )  Qq (G) -  i f  and only i f  P  (G) »  Gram anli Gpr*
P r o o f  A t r a n s l a t i o n  o f  th e  r e s u l t B  o f  2 . 1  u s i n g  Theorem 1 . 3 . 5 «
N otes ( i )  The sym m etric  groupB s a t i s f y  Theorem 2 . 2 . 1 ( i ) .  The theorem 
may a l s o  he v e r i f i e d  f o r  th e  o th e r  f a m i l i e s  o f  Weyl g ro u p s .
( i i )  Theorem 2 . 2 . 2 ( i )  i s  s a t i s f i e d  (v a c u o u s ly )  i f  p does not d iv id e  
m»
( i i i )  I t  might he hoped t h a t  when th e  prime power q i s  " n a t u r a l l y "  
a s s o c i a t e d  w ith  t h e  group G, th e n  th e  f i e l d  Q^(G) might have a  very  
s im p le  d e s c r i p t i o n .  L a t e r  r e s u l t s  w i l l  co n f irm  t h i s  i n  many c a s e s  
where G i s  a  C h e v a lle y  group d e f in e d  over a f i n i t e  f i e l d  P^.
2 . 3  R e l a t i o n s h i p s  w i th  subgroups and homomorphisms
P r o p o s i t i o n  2 . 3 . 1
L e t  G and H he f i n i t e  g ro u p s ,  and JC a f i e l d  o f  c h a r a c t e r i s t i c  z e r o .
( i )  K(G X E )  > K(G)K(H) (compositum o f  f i e l d s ) .
( i i )  I f  H i s  a  f a c t o r  group o f  G, th e n  K(H) C k (G ) .
( i i i )  K(G)(G) -  K (G ).
P r o o f  ( i )  The a b s o l u t e l y  i r r e d u c i b l e  c h a r a c t e r s  o f  th e  produ ct group 
G X H have th e  form ; V ^ (g ,h )  = ^ ( g ) ^ ) ( h )  where "^ a n d ^ e  a re
a r e  a b s o l u t e l y  i r r e d u c i b l e  c h a r a c t e r s  o f  G and H r e s p e c t i v e l y .
( i i )  Every r e p r e s e n t a t i o n  o f  H may be f a c t o r e d  through  a r e p r e s e n t a t i o n  
o f  G.
( i i i )  Obvious from t h e  d e f i n i t i o n  o f  K (G ) .
P r o p o s i t i o n  2 . 3 . 2
L e t  H be a subgroup o f  G su ch  t h a t  two e lem ents o f  H a re  c o n ju g a te  
i n  H i f  and o n ly  i f  th e y  a r e  c o n ju g a t e  i n  G. Then K (h) S K ( G ) .
P r o o f  Let  m be any m u l t i p l e  o f  t h e  exponent o f  G, and hence a 
m u l t i p l e  o f  th e  exponent o f  H. T r i v i a l l y  P ( G ) C  P (h) . The 
r e s u l t  f o l lo w s  by Theorem 2 . 1 . 1  and t h e  d e f i n i t i o n  o f  P ( G , K ) .
Theorem 2 , 3 . 3
L e t  H be a normal subgroup o f  prime in d e x  p in  th e  f i n i t e  group 0 ,  
and l e t  m be any m u l t i p l e  o f  t h e  exponent o f  G. Then
( i )  P  ( C ) n  P ( H )  has  in d e x  a power o f  p i n  P ( G )  ,
( i i )  i f  K(G) -  K, th e n  ( k ( h ) :K 3  = pn f o r  some i n t e g e r  n .
P r o o f  ( i )  I f  C i s  a  c l a s s  o f  G, th e n  e i t h e r  CnH ■ /! o r  C £ ”H s in c e  
H i s  a normal subgroup. L e t  c £ C £ H ,  and w r i te  Cq( o ) f o r  th e  
c e n t r a l i z e r  o f  o i n  G, i . e .  t h e  s e t  o f  g £ G  w ith  gc -  e g .  Then 
I d  « ( g !Cq( o) J .  R e s t r i c t i n g  th e  n a t u r a l  map from G t o  G/H t o  th e  
subgroup Cq( o) ,  we e a s i l y  s e e  t h a t  t h e  image has order  1 or  p ,  and t h a t
2.2.
t h e ' k e r n e l  i s  C . ( c ) n H  •= C ( o ) .  Hencetr n
/H;CH(c)] = [G:CH(c)]/[G;H] = Ep:CG(c)] [c q (c):CH(c[[/[osh]
"  I c /p - 1 £ cg ( o) : C h( o) J =  e i t h e r  I d  or p- 1 /c I,
We deduce t h a t  e i t h e r  C i s  a con jugacy  c l a s s  i n  H or  C =
where t h e  a r e  d i s t i n c t  con jugacy  c l a s s e s  i n  H and Ic^f = I c l / p .
In  th e  l a t t e r  c a s e  th e  group G/H a c t s  on th e  s e t  by
c o n ju g a t i o n ,  and t h i s  a c t i o n  must be t r a n s i t i v e  s in c e  t h e i r  union i s
a s i n g l e  c o n ju g a c y  c l a s s  i n  G. Hence t h e r e  i s  a  g £  G such t h a t
= g~*Cpg* f o r  l ^ i ^ C p ,  ( a f t e r  s u i t a b l y  r e o r d e r i n g  th e  C ^).
If C is a conjugacy class of G which remains a complete
c o n ju g a c y  c l a s s  i n  H, th e n  c  i s  c o n ju g a te  t o  o i n  H f o r  a l l  o f  0
and a l l  k € P ( G ) .  I f ,  on t h e  o th er  hand, C Bplits as above:
C = C , u  .  • .V/C w ith  C. = g_ i C gi  a co n ju g acy  c l a s s  in  H, l e t  c £ C  
1 P 1 P P
and k € P ( G ) .  Then c k €  C. f o r  some i  ( s i n c e  C i s  a s i n g l e  oonjugacy* 2 
k —i  ic l a s s  o f  G ) .  Then c i s  c o n ju g a te  i n  H t o  g  e g  , and so  c  = ( o  )
i s  c o n ju g a t e  t o  g * c kg* €  g *C jg *  -  where j  *  2 i  mod(p).
3 2
S i m i l a r l y  ctF = ( c k g_ i C .g1 -  C , .  where t h e  s u b s c r ip t  i s  read
3
modulo p .  I n  t h i s  way we show t h a t  c €  Cp f o r  a l l  k ^ r ( G )  and 
a l l  c f  C .  C may be re p la c e d  in  t h i s  argument by any o th e r  C. byp p i
w r i t i n g  C» = g” ^C^g^ where = Ci  “ •
T h i s  shows t h a t  k5 €  P(H) f o r  a l l  k €  ( " * ( 0 ) ,  and s c  t h a t  k1* i s  
i n  r ( 0 ) r » r ( H )  f o r  a l l  k € P ( 0 ) .  ( i )  i s  now immediate from th e
- s t r u c t u r e  theorem s f o r  f i n i t e  a b e l ia n  groups: P  (G) ■ P©N where P 
i s  a  p -g roup  and N c o n ta in s  only  e lem ents  o f  o rd e r  prime t o  p .  The 
image o f  th e  endomorphism k - ^ k * 1 c o n t a in s  N, and so has index 
d iv id i n g  |p|.
( i i )  f o l l o w s  from ( i ) ,  Theorem 2 . 1 . 1  and G a l o i s  th e o r y .
Kote The on ly  c a s e  o f  t h i s  theorem which we s h a l l  need i s  when p • 2 .  
Of c o u r s e  a subgroup o f  index  2 i s  a u t o m a t i c a l ly  normal. The
s im p le s t  example o f  an a p p l i c a t i o n  o f  t h i s  r e s u l t  i s  t o  th e  
a l t e r n a t i n g  group An w hich  i s  a  subgroup o f  in d e x  2 i n  t h e  symmetric 
group S ^ .  I t  i s  p o s s i b l e  t o  show t h a t  Q(Sq ) = Qf and hence we have 
¿Q(An ) : o ]  = a power o f  2 .
C o r o l l a r y  2 .3 » 4
L et  H be a normal subgroup o f  prime power index  pn  i n  th e  f i n i t e  
group G. I f  K(G) = K, t h e n  ( k ( h ) : ^  = a power o f  p .
P r o o f  By th e  e lem entary  t h e o r y  o f  p-group s we may i n t e r p o l a t e  a  c h a in  
o f  subgroups: G = Hg-^ . .  = H w ith  H^+^normal i n  and t h e
s u c c e s s i v e  q u o t ie n ts  a l l  c y c l i c  o f  o rd e r  p .  R e p ea ted  a p p l i c a t io n s  
o f  Theorem 2 . 3 * 3  e v e n t u a l l y  y i e l d  th e  r e s u l t »  K(Hg) = Kg has d egree a 
power o f  p over K, = Kg(H^) has d eg ree  a power o f  p over Kg, and 
we e v e n t u a l l y  f i n d  K& = Kq j (H n ) ,  Kq+  ^ = Kn (H )i> K (H ).  The r e s u l t  
f o l l o w s  s in c e  C m )  must d iv id e  which i s  a power o f  p .
Notes ( i )  The sta tem en t  and p ro o f  o f  t h i s  c o r o l l a r y  s t i l l  hold  i f  
th e  word "norm al" i s  r e p l a c e d  by " 'subnorm al".
( i i )  I n  f a c t  th e  p ro o f  o f  Theorem 2 . 3 . 3  shows t h a t  th e  q u o t ie n t  group 
f1 ( 0 ) / ( P ( 0 )r» r (H))  has exponent d iv id in g  p ,  and s o  i s  an 
e lem entary  a b e l ia n  p -g r o u p .  S i m i l a r l y  th e  p r o o f  o f  th e  c o r o l l a r y  
could  be extended t o  show t h a t  i n  t h i s  c a s e  th e  q u o t ie n t  has exponent 
d iv id in g  pn .
2 . 4  S p l i t t i n g  f i e l d s ,  Schur i n d i c e s  and i n t e g r a l  r e p r e s e n t a t i o n s
I n  t h i s  s e c t i o n  we c o l l e c t  t o g e t h e r  s e v e r a l  r e s u l t s  from 
c h a r a c t e r  th e o r y  which g iv e  r e a s o n s  f o r  w an ting  t o  d eterm in e  th e  
f i e l d s  K (0 )  f o r  f i n i t e  groups G. These r e s u l t s  a r e  quoted w ithout 
p r o o f  and may be found i n  W. F e i t : " C h a r a c t e r s  o f  F i n i t e  Groups", 
B e n ja m in  ( 1967) .
A f i e l d  F  i s  c a l l e d  a s p l i t t i n g  f i e l d  f o r  th e  f i n i t e  group G 
i f  e v e r y  i r r e d u c i b l e  r e p r e s e n t a t i o n  d e f in e d  over F i s  a b s o lu t e ly  
i r r e d u c i b l e .  L e t  K be a f i e l d  such t h a t  K(G) = K, and o f  co u rse  
c h a r ( K )  = 0 .
P r o p o s i t i o n  2 . 4 . 1
L et X  an i r r e d u c i b l e  c h a r a c t e r  o f  G, K a f i e l d  o f  c h a r a c t e r i s t i c  
z e r o ,  and K(G) » K.
( i )  T h e re  i s  a p o s i t i v e  i n t e g e r  m such t h a t  m j ^ i s  t h e  c h a r a c t e r  o f  a 
r e p r e s e n t a t i o n  d e f in e d  o v e r  K. We d e f i n e  th e  S ch u r  in d ex  m^(;£ ) 
t o  be th e  s m a l le s t  suoh p o s i t i v e  i n t e g e r .
( i i )  I f  m i s  t h e  c h a r a c t e r  o f  some r e p r e s e n t a t i o n  d e f in e d  over K,
th e n  ) d iv id e s  m.
( i i i )  I f  F  i s  a  f i n i t e  e x t e n s i o n  o f  K which i s  a  s p l i t t i n g  f i e l d  f o r  
G, th e n  X )  d iv id e s  ¿ F jkJ .
( i v )  I f  r )  i s  t h e  c h a r a c t e r  o f  some r e p r e s e n t a t i o n  d e f in e d  over K,
th e n  m ^ ^  ) d iv id e s  where ( ,  ) i s  t h e  u su a l  in n e r
product i n  th e  c h a r a c t e r  r i n g  o f  G.
( v )  “ k ^ X ^  d iv id e s  X ^ 1 ) *
P r o o f  These a r e  a l l  s p e c i a l  c a s e s  o f  r e s u l t s  ( 1 1 . 2 ) ,  ( 1 1 . 3 ) ,  ( 1 1 . 4 )  
and ( 1 1 . 5 )  i n  F e i t ' s  b ook .
Theorem 2 . 4 . 2
( i )  I f  G i s  a  group o f  exponent m, th en  Q(^/ 1 ) i s  a  s p l i t t i n g  f i e l d
f o r  G.
( i i )  L e t  •£p ^  be th e  s e t  o f  primes d i v i d i n g  t h e  o rd er  o f  G. Let 
F ^ K  b e  a f i e l d  c o n t a i n i n g  a p r i m i t i v e  (p^Pg««»)^^ r o o t  o f  u n i t y ,  
and a l s o  c o n t a in i n g  \ / —T i f  I g J i s  e v e n .  Then F i s  a  s p l i t t i n g  
f i e l d  f o r  G.
( i i i )  L e t  p be a prim e , and l e t  f G / •» p°b  w ith  ( p , b )  «= 1 .  Let F ^ K
be a  f i e l d  c o n t a in i n g  a p r i m i t i v e  b t J l  r o o t  o f  u n i t y ,  and a l s o  
c o n t a i n i n g  e i t h e r  or n/^3 i f  p = 2 .  Then F i s  a
s p l i t t i n g  f i e l d  f o r  G.
( i v )  I f  Qp(G) i s  an u n ra ra if ie d  e x te n s io n  o f  Q^, th e n  t h e r e  i s  an 
u n r a m if ie d  e x t e n s i o n  F o f  which i s  a  s p l i t t i n g  f i e l d  f o r  G.
P r o o f  ( i )  ( 1 6 . 3 )  i n  F e i t ' s  book -  a theorem  o f  B r a u e r .
( i i )  ( 1 6 . 4 )  i n  F e i t ' s  book -  a  theorem o f  Solomon.
( i i i )  ( 1 6 . 5 )  i n F e i t ' s  book -  a  theorem o f  Fong.
( i v )  An e a s y  consBquende o f  ( 1 6 . 6 )  i n  F e i t ' s  book -  a n o t h e r  theorem o f
B r a u e r .
We quote  ohe r e s u l t  from i n t e g r a l  r e p r e s e n t a t i o n  t h e o r y .
Theorem 2 . 4 . 3
L et  D be a  p r i n c i p a l  i d e a l  domain w ith  q u o t ie n t  f i e l d  F .  Every 
r e p r e s e n t a t i o n  o f  G d e f in e d  over F i s  s i m i l a r  t o  a r e p r e s e n t a t i o n  
d e f in e d  o v e r  D.
P r o o f  ( 4 . 1 )  iu  F e i t ’ s book .
A p o s s i b l e  a p p l i c a t i o n  o f  t h i s  a r i s e s  when Q^(G) «  Q^. W(F^)
i s  a  p r i n c i p a l  domain w ith  q u o t ie n t  f i e l d  Q^. I f  we know t h a t  th e  
c h a r a c t e r  has m ( ^ )  ■■ 1 ,  ( f o r  example by u s in g  P r o p o s i t i o n . 4 . l ( i v ) ) ,  
th e n  we know t h a t  ^  a r i s e s  from a r e p r e s e n t a t i o n  d e f in e d  over W(F^).
S e c t io n  3 Con.jugacy C la s s e s  in  th e  C l a s s i c a l  Groups
3 . 1  L i n e a r  g e o m e tr ie s  and groups
L e t  V be a f i n i t e  d im en s io n a l  v e c t o r  sp a ce  over a f i e l d  P and 
w r i t e  GL(V) f o r  t h e  group o f  a l l  P - l i n e a r  automorphisms o f  V . I f  
dira^V « n f th e n  GL(V) i s  iso m o rp h ic  t o  GLn( P ) ,  t h e  m u l t i p l i c a t i v e  group 
o f  a l l  i n v e r t i b l e  n X n m a t r i c e s  ov er  P .
2
I^et O '  be  a f i x e d  automorphism o f  P s a t i s f y i n g  cr = i d e n t i t y ,  
and w r i t e  C ( a ) “ a f o r  a € P .  (Thus a  « a f o r  a l l  a ) .  L et  f :V  X V— >F 
be a s e s q u i l i n e a r  form on V, i . e .  f o r  a l l  x , y , u , v c  V and a l l  c , d 5 P  
f ( c x + d y ,u )  = c f ( x , u )  + d f ( y , u )  and 
f ( x ,o u + d v )  o c f ( x , u )  + 5 f ( x , v ) .
He c a l l  t h e  p a i r  ( V , f )  a s e s q u i l i n e a r  space over P .
Lemma 3 . 1 . 1
I f  ( V , f )  and ( V ,g )  a r e  b o th  s e s q u i l i n e a r  spaces  over F such th a t  
g ( x , y )  = 0 whenever f ( x , y )  -  0 , th e n  t h e r e  e x i s t s  'X e P such t h a t  g  - A f .  
I f  g /  0  th e n  A i s  unique and n o n - z e r o .
P r o o f  T h e re  i s  n o t h in g  t o  prove u n l e s s  g ( x , y )  / 0  f o r  some x  and y ,  and 
i n  t h i s  c a s e  we must show t h a t  e ( x , y ) / f ( x , y )  » g ( u , v ) / f ( u , v )  whenever 
f ( u , v )  / 0 .
F i r s t  n o te  t h a t  i f  f ( u , v )  ji 0  th e n  t h e r e  i s  a z i n  V s a t i s f y i n g  
f ( x , z )  /  0 / f ( u , z ) .  ( I f  n e i t h e r  s  -  y nor z -  v s a t i s f i e s  t h i s ,  t h e n  
z o y+v m u s t) .  L e t  a  m f ( x , z )  / 0  /  f ( u , z )  «  b .  Fence 
f ( b x - a u , z )  -  ba  -  ab -  0 ,  and s o  g ( b x - a u , z )  ■ 0 by h y p o th e s i s .  Hence 
g ( x , z ) / f ( x , z )  -  g ( u , z ) / f ( u , z )  by t h e  l i n e a r i t y  o f  f  and g i n  t h e i r  
f i r s t  v a r i a b l e .  Almost i d e n t i c a l  p r o o f s  y i e l d  t h e  e q u a t io n s :
e ( x , y ) / f ( x , y )  -  g ( x , z ) / f ( x , z )  and g ( u , z ) / f ( u , z )  -  g ( u , v ) / f ( u , v ) .
Two s e s q u i l i n e a r  s p a ce s  ( V , f )  and (H ,g) over th e  same f i e l d  P 
(w ith  t h e  same automorphism <r ) » r e  s a i d  t o  be co n fo rm a lly  e q u iv a le n t
S e c t io n  3 Con.jugac.y C la e se s  in  th e  C l a s s i c a l  Groups
3 . 1  L in e a r  g e o m e tr ie s  and groups
L et  V be a  f i n i t e  d im ensional v e c to r  s p a c e  over a f i e l d  P and 
w r i t e  GL(V) f o r  t h e  group o f  a l l  P - l i n e a r  automorphisms o f  V . I f  
dim^V = n ,  th e n  GL(V) i s  isom orphic t o  GLn( F ) , t h e  m u l t i p l i c a t i v e  group 
o f  a l l  i n v e r t i b l e  n X n m a tr ic e s  over P .
2
I^et O ' b e  a  f i l e d  automorphism o f  P s a t i s f y i n g  Cr = i d e n t i t y ,  
and w r i t e  C ( a ) ** a  f o r  a € F .  (Thus a = a f o r  a l l  a ) .  Let  f ; V  X V— >F 
be a s e s q u i l i n e a r  form on V, i . e .  f o r  a l l  i , y , u , v c T  and a l l  c , d € P  
f ( c x + d y , u )  = c f ( x , u )  + d f ( y , u )  and 
f ( x , c u + d v )  = c f ( x , u )  + 3 f ( x , v ) .
We c a l l  th e  p a i r  ( V , f )  a s e s q u i l i n e a r  space o v e r  P.
Lemma 3 . 1 . 1
I f  ( V , f )  and ( V , g )  a re  b oth  s e s q u i l i n e a r  s p a ce s  over F  such t h a t  
g ( x , y )  -  0  whenever f ( x , y )  -  0 ,  th e n  t h e r e  e x i s t s  P such t h a t  g « 'A f .  
I f  g /  0 th e n  A i s  unique and n o n -z e ro .
P ro o f  There  i s  n o t h in g  t o  prove u n le s s  g ( x , y )  /  0 f o r  some x  and y ,  and 
i n  t h i s  c a s e  we must show t h a t  g ( x , y ) / f ( x , y )  = g ( u , v ) / f ( u , v )  whenever 
f ( u , v )  / 0 .
F i r s t  n o t e  t h a t  i f  f ( u , v )  / 0 then  t h e r e  i s  a z i n  V s a t i s f y i n g  
f ( x , z )  /  0 ¡t f ( u , z ) .  ( i f  n e i t h e r  a -  y  nor z -  v s a t i s f i e s  t h i s ,  th e n  
z -  y+v m u s t) .  L e t  a ■ f ( x , z )  / 0 / f ( u , z )  «• b .  Hience 
f ( b x - a u , z )  -  b a  -  ab -  0 ,  and so g ( b x - a u ,z )  ■ 0  by h y p o th e s i s .  Hence 
g ( x , z ) / f ( x , z )  -  g ( u , z ) / f ( u , z )  by th e  l i n e a r i t y  o f  f  and g i n  t h e i r  
f i r s t  v a r i a b l e .  Almost i d e n t i c a l  p ro o fs  y i e l d  th e  e q u a t io n s :
g ( x , y ) / f ( x , y )  -  g ( x , z ) / f ( x , z )  and g ( u , z ) / f ( u , z )  -  g ( u , v ) / f ( u , v ) .
Two e e s q u i l i n e a r  sp a ce s  (V f f*) and (Wyg )  over th e  same f i e l d  P 
(w ith  t h e  same automorphism <T ) a re  s a id  t o  be  co n fo rm a lly  e q u iv a le n t
i f  t h e r e  i s  a  v e c t o r  sp a ce  isomorphism «  V oc
c<:V----- and a n o n -z e ro  such t h a t
g((Xx,OCy) -  A f ( x . y )  f o r  a l l  x , y € V .
V X V 
f
P - *
-> W X W
( i . e .  th e  diagram on t h e  r i g h t  commutes).
The sp a ces  a r e  s a id  t o  he e q u iv a le n t  i f  th e y  a re  c o n f o r m a lly  e q u iv a le n t  
w ith  ^  > 1 .  (B o th  c o n fo rm a l  e q u iv a le n c e  and e q u iv a le n c e  a r e  d e a r l y  
e q u iv a le n ce  r e l a t i o n s ) .
He d e f in e  t h e  i s o m e t r y  group o f  ( V , f )
0 ( V , f )  = th e  s e t  o f  t € G L ( V )  w ith  f ( t x , t y )  = f ( x , y )  f o r  a l l  x . y Ç V ,  
and th e  conform al iso m e try  group
C O (V ,f)  = th e  s e t  o f  t € G L ( V )  such t h a t  f ( t x , t y )  -  0 whenever f ( x , y )  = 0 .  
The n ext p r o p o s i t io n  shows t h a t  b o th  o f  t h e s e  s e t s  a re  subgroups o f  GL(V).
P r o p o s i t i o n  3 . 1 . 2  
I f  f  £  0 ,  th e n
( i )  f o r  each t € C 0 ( V , f )  t h e r e  i s  a unique ' X ( t )  € F  such  t h a t
f ( t x , t y )  -  > ( t ) f ( x , y )  f o r  a l l  x , y £ V
( i i )  C 0 ( V , f )  -  th e  s e t  o f  t  6 GL(V) such  t h a t  f ( t x , t y )  -  <  f ( x , y )  f o r
some K 6  P  and a l l  x , y £ V
( i i i )  There i s  an e x a c t  s eq u en ce  o f  groups and homoraorphisms:
1----- » 0 ( V , f ) = -------------- )  C 0 ( V , f ) -------- ^ ---------->  P *
P ro o f  ( i )  Apply Lemma 3 . 1 . 1  w ith  g ( x , y )  -  f ( t x , t y ) .
( i i )  Immediate from ( i )  and  th e  d e f i n i t i o n  o f  C 0 ( V , f ) .
( i i i )  C 0 ( V , f )  i s  a  subgroup o f  GL(V) by ( i i ) .  C l e a r l y  i s  a group 
homomorphism w ith  k e r n e l  0 ( V , f )  by ( i )  and ( i i ) .
Notes 1 .  I f  f  -  0 ,  th e n  0 ( V , f )  -  C 0 ( V , f )  -  GL(V).
2 .  F or  f  / 0 we d e f i n e  t h e  m u l t i p l i e r  o f  f  by
K ( f )  -  image o f  pt -  th e  s e t  o f  a l l  /( ( t )  as  t  runs th ro u g h  C 0 ( V ,/ ) t 
a subgroup o f  F * .  I f  we r e p l a c e  F *  by  M (f)  we g e t  a s h o r t  e x a c t  
sequence i n  P r o p o s i t i o n  3 « l « 2 ( i i i ) .
3 .  I f  ( V , f ) and (W ,g) a r e  co n fo rm a lly  e q u iv a le n t  w ith  a v e c t o r  space
x%
Isomorphism (X as  above, th e n  we have a commutative diagram w ith  
e x a c t  rows:
1 - 0 ( V ,f ) e ------ ------ > C 0 ( V ,f ) -----— » F 
1
]? 1 id e n ti ty
0(W,g)C------ ------ >C0(W,g)----- ------» F *
w here th e  v e r t i c a l  maps a r e  a l l  isom orphism s, and /0 ( t )  -  O f t *  * 
f o r  t  e C O ( V . f ) .
A s e s q u i l i n e a r  sp a ce  ( V , f )  i s  s a id  t o  be  r e f l e x i v e  i f  f ( y , x )  = 0 
w henever f ( x , y )  = 0.
P r o p o s i t i o n  3 . 1 . 3
I f  ( V , f )  i s  a r e f l e x i v e  s e s q u i l i n e a r  s p a c e ,  th e n  e i t h e r
( i )  c r  -  i d e n t i t y ,  and f ( y , x )  = - f ( x , y )  f o r  a l l  x , y € V ,  
o r  ( i i )  f  i s  co n fo rm a l ly  e q u iv a le n t  t o  a form h on T such t h a t
h ( y , x )  -  h ( x fy )  f o r  a 1 1  x , y £ v .
P r o o f  Applying Lemma 3 . 1 * 1  w ith  g ( x , y )  ■> f ( y , x ) , we s e e  t h a t  t h e r e  i s  
a  c o n s t a n t  a £ F  such t h a t
f ( y , x )  -  a . f ( x , y )  f o r  a l l  x  and y g V
*» a a . f ( y , x )  upon r e v e r s i n g  t h e  order o f  v a r i a b l e s  a 
s e c o n d  t im e .  U n le ss  f  i s  i d e n t i c a l l y  z e r o ,  i h  which c a s e  t h e r e  i s  
n o t h i n g  t o  p ro v e ,  t h i s  shows t h a t  a a  «■ 1 .  I f  O ' -  i d e n t i t y ,  th e n
p
a °  1 , so  t h a t  a  = 1 or —1  and i n  e i t h e r  c a s e  th e  p r o p o s i t io n  h o ld s .
I f  /  i d e n t i t y ,  th e n  x/x must t a k e  a t  l e a s t  two v a lu e s  
( i n c l u d i n g  1 )  f o r  x € p  . Hence t h e r e  i s  an x ^ F  w ith  q -  x  + ax  /  0 .  
A l s o  aq -  a x  + aax -  x  + a x  .  q .  D e f in e  h ( x , y )  -  q . f ( x , y ) ,  so  t h a t
h ( y , x )  “  q . f ( y , x )  “  < !»• *(* , y )  -  (qa/5 ) . h ( x , y )
-  M * .y ) .
I t  i s  oustomary t o  d iv id e  t h e  oonform al e q u iv a le n c e  c l a s s e s  
d e s c r i b e d  i n  t h i s  p r o p o s i t io n  i n t o  t h r e e  s p e c i a l  c a s e s :
( i )  The u n i t a r y  c a s e :  9  /  i d e n t i t y  and f ( y , x )  -  f ( x , y )  f o r  a l l  x , y .
f  i s  c a l l e d  a h e rm it ia n  form on V, and t h e  g ro u p s ,  0 ( V , f )  and 
C O ( V ,f ) ,  a r e  c a l l e d  th e  u n i t a r y  and conform al u n i t a r y  groups o f  
( V , f )  r e s p e c t i v e l y ,  and w r i t t e n  « 0 0  and CU(V). ( E x p l i c i t  mention 
o f  th e  form  f  i s  r a r e l y  made i f  t h e r e  i s  l i t t l e  d a n g e r  o f  
a m b ig u i t y ) .
( i i )  The o r th o g o n a l  c a s e :  C  ** i d e n t i t y  and f ( x , y )  «  f ( y , x )  always, 
f  i s  a sym m etric  b i l i n e a r  form on V . The groups a r e  c a l l e d  th e  
o r th o g o n a l  and oonformal o r th o g o n a l  groups o f  ( V , f ) ,  and are  
w r i t t e n  O(V) and C0(V) r e s p e c t i v e l y .
( i i i )  The s y m p l e c t ic  o a s e :  O’ -  i d e n t i t y  and f ( y , x )  «  - f ( x , y )  alw ays, 
f  i s  an a n t isy m m e tr ic  form on V . The groups a r e  c a l l e d  the 
s y m p le c t io  and conform al s y m p le c t ic  groups o f  ( V , f ) ,  and are  
w r i t t e n  S p ( v )  and CSp(V) r e s p e c t i v e l y .
Note Cases  ( i i )  and ( i i i )  c o i n c i d e  i f  c h a r ( P )  ■ 2 .  I n  t h i s  case  i t
i s  custom ary t o  r e p l a c e  th e  a n t is y m m e tr ic  o o n d it io n  on f  by  the
s t r o n g e r  a l t e r n a t i n g  c o n d i t io n :  f ( x , x )  » 0 f o r  a l l  x £ V .  (Of co u rs e ,  
a n t i
i f  c h a r ( F )  /  2 ,  the/symmetric and a l t e r n a t i n g  c o n d i t i o n s  a re  
e q u i v a l e n t ) .
A s e s q u i l i n e a r  space ( V , f )  i s  s a id  t o  be n o n -d e g e n e ra te  i f  
whenever f ( x , y )  -  0  f o r  a l l  y €  V, th e n  x  -  0 .  T h is  i s  e q u iv a le n t  t o  
th e  c o n d i t i o n :  " . . .  i f  whenever f ( x , y )  «  0 f o r  a l l  x £ V ,  th e n  y -  0 " ,  
s in o e  i t  i s  n o t  hard t o  see  t h a t  b o th  s ta te m e n ts  a r e  e q u iv a le n t  t o :
" t h e  m a tr ix  ( * i ; j ) -  ( f ( e i t s . . ) )  i s  n o h -s in g u la r  where e l f . . . , e n i s  any 
b a s i s  o f  V " .  (The eq u iv a le n ce  o f  t h e  two c o n d i t i o n s  i s  obvious 
d i r e c t l y  i n  t h e  r e f l e x i v e  c a s e ) .  A su b sp a ce ,  U, o f  V i s  c a l l e d  
n o n -d e g e n e ra te  i f  th e  r e s t r i c t i o n  o f  f  t o  U g iv e s  a n on -d eg en era te  
sp a ce  ( U , f ) .
Lemma 3 . 1 . 4
I f  U i s  a n o n -d eg e n e ra te  subspace o f  th e  s e s q u i l i n e a r  s p a c e  ( V , f )  
and g : 0 — i s  an F - l i n e a r  map, th e n  t h e r e  i s  a  ( u n iq u e )  u € U  suoh
g ( x )  -  f ( x , u )  f o r  a l l  x £ U ,
P r o o f  C o n s id e r  t h e  l i n e a r  maps g^sU-----g iv en  by g ^ (x )  ■*
where e ^ , . . . , e Q i s  a  b a s i s  o f  Ui. T h e s e  maps form a  b a s i s  o f  t h e  dual 
s p a c e  o f  U, s i n c e  o th e r w ise  t h e r e  i s  a  n o n -z e ro  v e c t o r  x  i n  t h e  k e r n e l  
o f  a l l  o f  them, and so  f ( x , u )  = 0  f o r  a l l  u €  0 ,  c o n t r a d i c t i n g  t h e  
n on -d eg en eracy  o f  D. L et  g  »  a^g^ + ••• + an6n w ith  P* Take
u -  a 1e1 + + a  e • n n
L et  ( V , f )  b e  a r e f l e x i v e  s e s q u i l i n e a r  s p a c e .  Two s u b s e t s ,  X 
and T o f  T a re  s a i d  t o  be  o r th o g o n a l  i f  f ( x , y )  = 0 whenever x £  X and 
y £ Y .  The r e l a t i o n s h i p  o f  o r t h o g o n a l i t y  i s  c l e a r l y  sy m m etric .  A 
d i r e c t  sura, U j©  . .  . ©  U^, o f  s u b s p a c e s  i s  c a l l e d  an o r th o g o n a l  d i r e c t  
sxun i f  IL^  and a r e  o r th o g o n a l  whenever i  / j .
Proposition 3 . 1 . 5
I f  U i s  a  n o n -d e g e n e ra te  sub sp ace  o f  th e  r e f l e x i v e  s e e q u i l i n e a r  space 
( V , f ) ,  th e n  V = T l© ü f  , an o r th o g o n a l  d i r e c t  sum, where O’4" i s  th e  
s e t  o f  i € T  such  t h a t  f ( x , u )  »  0  f o r  a l l  u & U .
P r o o f  I f  x< jU n U"*' ,  th e n  f ( x , u )  -  0  f o r  a l l  u C U ,  and so  x  -  0  s in c e  
U i s  n o n -d e g e n e r a te .  Hence t h e  sura i s  d i r e c t ,  and i t  i s  c l e a r l y  
o r th o g o n a l .  (O"1" i s  c e r t a i n l y  a s u b s p a c e ) .  L et x € V .  By Lemma 3 . 1 . 4  
t h e r e  i s  a  u ^ U  su ch  t h a t  f ( y , x )  -  f ( y , u )  f o r  a l l  y £ U ,  and s o  
f ( y , x - u )  -  0  f o r  a l l  y © U .  The e q u a t io n  x  -  u + ( x - u )  shows t h a t  
th e  d i r e o t  sura e q u a ls  th e  whole o f  V .
A b a s i s  e ^ , . . . , e & o f  a  r e f l e x i v e  s e s q u i l i n e a r  space  ( V , f )  i s  
c a l l e d  an o r th o g o n a l  b a s i s  i f  f ( e i t e j )  -  0 whenever i  /  j .
P r o p o s i t i o n  3 . 1 . 6
I f  ( V , f )  i s  a  r e f l e x i v e  s e s q u i l i n e a r  sp a ce  and f ( x , y )  + f ( y , x )  / 0 
f o r  some x , y ^ V ,  th e n  T has an o r th o g o n a l  b a s i s .
P r o o f  I t  i s  c l e a r l y  enough t o  p ro v e  th e  r e s u l t  f o r  some form 
o o n fo r m a lly  e q u iv a le n t  t o  f .  So b y  P r o p o s i t i o n  3 . 1 . 3  we may assume 
t h a t  f ( y , x )  -  f ( x , y )  f o r  a l l  x , y £ V .  By h y p o th e s is  t h e r e  a r e  x , y C T
such t h a t  f ( x , y )  -  a  w ith  a  + a / 0 .  The i d e n t i t y
f ( x + y , x + y )  -  f ( x , x )  + f ( y , y )  + f ( x , y )  + f ( x , y )  
shows t h a t  f ( v , v )  / 0 f o r  some v f  T .  L et  U he th e  n o n -d eg e n e ra te  
subspace spanned hy v f so  t h a t  V = U © 0 , an o r th o g o n a l  d i r e c t  sum. 
I f  th e  r e s t r i c t i o n  o f  f  t o  i s  i d e n t i c a l l y  z e r o ,  th e n  any b a s i s  o f  
UX exten d s  v t o  an o r th o g o n a l  b a s i s  o f  V . I f  f  i s  not  i d e n t i c a l l y  
zero  on UX , t h e r e  must e x i s t  u ,w 6 Ux  w ith  f ( u ,w )  -  a ,  by th e  
l i n e a r i t y  o f  f  i n  i t s  f i r s t  v a r i a b l e .  I n  t h i s  ca s e  in d u c t io n  on 
th e  d im ension  o f  V com p le tes  th e  p r o o f .
Proposition 3 . 1 . 7
I f  ( V , f )  i s  a  s y m p le c t io  space over P ,  th e n  V has a b a s i s  e ^ , . . . , e n ,
f ^ . . . , ^  su ch  t h a t  f i e ^ e p  -  f ( f i f f j )  -  0 f o r  a l l  i  and j ,  and
f ( e ^ , f ^ )  -  5 . .  ( t h e  Kronecker 6 ) .
P ro o f  I f  f  i s  i d e n t i c a l l y  zero  l e t  e ^ , . . . , e Q be any b a s i s  o f  V . I f
f ( x , y )  = a ¡i O, l e t  e^  ^ -  a- 1x ,  and fj^ “ y .  Then l e t  U be th e  non-
d e g e n e ra te  subspaoe spanned by e^ and f ^ .  By in d u c t io n  on th e  
dim ension o f  V , we may f i n d  a b a s i s  e 2 , . .  .  , f g , .  . .  , f n o f  UX w ith  th e  
re q u ir e d  p r o p e r t i e s .
Note I n  t h i s  c a s e  ( V , f )  i s  non -d eg en erate  i f  and on ly  i f  m = n ,  and 
so  dimpV -  2n  must be even f o r  non-degeneracy
i3 . 2  Conjugacy c l a s s e s  i n  t h e  g e n e r a l  l i n e a r  groups
Given a c a t 4 g o r y  G  we may d e f in e  a  new c a te g o r y ,  A u t o ( £ )  
whose o b je c t s  a r e  o rd ered  p a i r s  ( V , s )  w ith  V an o b je c t  o f  6  and 
s € A u t ( V )  -  th e  group o f  i n v e r t i b l e  morphisms from V t o  i t s e l f .  A 
morphism from ( V , s )  t o  (W ,t )  i n  Auto((^ )
11 i
i s  a morphism o<:V ---- -)W o f  C  such t h a t
8 t
t h e  diagram on t h e r i g h t  commutes. ( I t \f
_ e L _
>*
V w
i s  e a s i l y  checked t h a t  A u to (C  ) i s  a
c a te g o r y  w ith  t h e s e  d e f i n i t i o n s ) .  C l e a r l y  two e le m e n ts ,  s and t ,  o f  
th e  group Aut(V) a r e  c o n ju g a t e  i f  and on ly  i f  ( V , s )  and ( V , t )  a r e  
isom orphic  i n  A u t o ( C ) .  We a p p ly  t h e s e  remarks t o  th e  d e t e r m in a t io n  
o f  co n ju g a cy  c l a s s e s  i n  v a r io u s  groups o f  l i n e a r  t r a n s f o r m a t io n s  i n  
t h e  n e x t  few s e c t i o n s .
F i r s t l y  l e t  G  = VS, t h e  c a te g o r y  o f  f i n i t e  d im en sion al  v e c t o r  
s p a ce s  over a ( f i x e d )  f i e l d  F ,  w ith  F - l i n e a r  maps as  morphisms. We 
w r i t e  Aut(V) = G L (V ),  t h e  g e n e r a l  l i n e a r  group o f  V over F .  L e t  x  be 
t r a n s c e n d e n t a l  o v e r  F ,  and l e t  F f x 7  be th e  polynomial r i n g  i n  x  over 
F .  Given ( V , s )  £ Auto(VS) we d e f in e  a F fx J-ra od u le ,  V8 ,b y  
a d d i t i v e  group o f  V0 - c  V
f ( x ) v  -  f ( s ) v  f o r  a l l  v € V  and a l l  f ( x ) ^ F O O ,  
where s  i s  c o n s id e r e d  a s  an e lem ent o f  th e  F - a l g e b r a  o f  endomorphisms 
o f  V. The main r e s u l t s  on oo n ju g acy  i n  GL(V) a re  summarised i n  th e  
fo l l o w in g  theorem .
Theorem 3 . 2 . 1
( i )  ( V , e )  and ( W , t )  a re  iso m orphic  i n  Auto(VS) i f  and only  i f  Ve and 
W^  a re  iso m o rp h ic  a s  F / x J—m odules.
( i i )  As F p Q -m o d u le ,  V£ ! - © v B ( p ) ,  where p (x )  runs through t h e  monic 
i r r e d u c i b l e  p o ly n o m ia ls  i n  F f x ] ,  and VB(p )  i s  th e  subspace 
c o n s i s t i n g  o f  th o s e  v ^ V  f o r  whioh p (s )^ v  « 0 f o r  some i > 0 . 
Ve (p )  / 0 i f  and on ly  i f  p ( x )  d iv id e s  th e  c h a r a c t e r i s t i c
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( i i i )  and a r e  isom orphic  F fx J -m o d u le s  i f  and on ly  i f  Va ( p )  a *>d 
W^(p) a re  iso m orphic  f o r  a l l  monic i r r e d u c i b l e  p ( x ) € [ F £ x ] .
0 <  n . ^  n2 ^  . .  .^C n^, and t h e  sequence  ( ^ , . . . , 11^ )  i s  u n iq u e ly  
d eterm in ed  by s and th e  monic i r r e d u c i b l e  polynom ial p ( x ) .
P ro o f  ( i )  i s  o b v io u s ,  ( i i ) ,  ( i i i )  and ( i v )  a r e  consequences  o f  th e  
s t r u c t u r e  theorem s f o r  f i n i t e l y  g e n e r a te d  modules over  th e  p r i n d i p a l  
i d e a l  domain F & 7 .  F o r  a d e t a i l e d  t r e a tm e n t  see  c h a p t e r  XV o f  L a n g 's  
" A l g e b r a " .
An -module i s  s a id  t o  be  indecom posable i f  i t  cannot be 
w r i t t e n  a s  an ( i n t e r n a l )  d i r e c t  sum o f  two proper submodules.
P r o p o s i t i o n  3 . 2 . 2
( i )  FCxJ / p M ^ C xJ  i s  indecom posable i f  p ( x )  i s  i r r e d u c i b l e .
( i i )  Two indecom posable  F/ xJ-m odules  V0 and are  isom orphic  i f  and 
o n ly  i f  ( a )  dinipV « dim^W, and
under t h e  n a t u r a l  map o f  some f ( x ) € F ( x J  which i s  not d i v i s i b l e  by 
p ( x ) .  (O th e rw ise  MQN would be c o n ta in e d  i n  th e  p ro p er  submodule
Hence t h e  image, y ,  o f  f ( x )  under th e  n a t u r a l  map g e n e r a te s  t h e  whole
( i i )  The n e c e s s i t y  o f  «conditions ( a )  and ( b )  fo l lo w s  from e lem en tary
l i n e a r  a l g e b r a .
Suppose t h a t  c o n d i t i o n s  ( a )  and ( b )  a r e  s a t i s f i e d .  By ( i )
where H = f C J ,
( b )  s  and t  have th e  same e ig e n v a lu e s  ( i n  some a l g e b r a i c  
c l o s u r e  o f  F ) .
P ro o f  ( i )  Suppose F£x3/p(x)*Ffaq7 “ M©N. Some y f  MuN must b e  t h e  image
p ( x ) f £x J / p ( x ) * p £ xJ )  • S in c e  p ( x )  i s  i r r e d u c i b l e  and F / Y J  i s  a  p r i n c i p a l  
i d e a l  domain, t h e r e  a re  p o ly n o m ia ls  h ( x )  and k (x )  such t h a t
f ( x ) h ( x )  + p ( x ) i k ( x )  -  1 .
module, F £ x J/ p ( x ) ^ F £ x J ,  and s o  e i t h e r  M o r  N i s  th e  whole module.
above and Theorem 3 « 2 . l ( i i ) ,  ( i i i )  and ( i v )
Vo -  F C x j/ p i i J ^ C x ]  and Wt  S ’ F ( x ] / q ( x ) h £ j ,  
where p and q a r e  mohio i r r e d u c i b l e  p o ly n o m ia ls ,  and i  and j  a re  
p o s i t i v e  i n t e g e r s .  S i n c e  s and t  have th e  same e i g e n v a l u e s ,  p •> q 
by Theorem 3 « 2 . 1 ( i i ) .  A lso
i . d e g ( p )  -  dimpV -  diniyW -  j . d e g ( q )  by  ( a ) ,  
and s o  i  • j .
Lemma 3 . 2 . 3
I f  s € G L ( V ) ,  s m = i d e n t i t y  and (k ,m ) = 1 ,  t h e n  s and s  have th e  same 
i n v a r i a n t  su b sp aces  i n  V.
P r o o f  I f  sUSrU, th e n  s ^ E U  t r i v i a l l y .
C o n v e rs e ly ,  s i n c e  (k ,m ) -  1 t h e r e  e x i s t s  j  w ith  j k  5  1 mod(m). I f  
s^ U E U , th e n  sU = -  ( s k ) %  S O .
He use  t h e s e  r e s u l t s  t o  examine GL(V) f o r  F a  f i n i t e  f i e l d .  
P r o p o s i t i o n  3 . 2 . 4
I f  F  -  F q , th e  f i n i t e  f i e l d  o f  q e le m e n ts ,  th e n
/GL(V)/ -  qN( q - l ) ( q 2- l ) . . . ( q n- l )  where n -  dinipV, I  -  n ( n - l ) / 2 .
P r o o f  L et  «l f . . . , e n b e  a  b a s i s  o f  V. We cou nt th e  p o s s i b l e  c h o ic e s  o f  
t C G L ( V ) .  F i r s t l y  te^  ^ may be ohosen i n  qn- l  ways t o  b e  a n on -zero  
v e c t o r .  Then t e 2 may be ohosen i n  qn- q  wayB t o  be  l i n e a r l y  
independent o f  t e ^  P ro ce ed in g  th u s  we f i n d  t h a t  tSj^ may be chosen in  
qn_ q i_1 ways f o r  l £ i < C  n .  M u lt ip ly in g  a l l  t h e s e  numbers to g e th e r  
g iv e s  t h e  number o f  ways o f  ch o o s in g  t ,  which i s  (GL(V)|.
Theorem 3 . 2 . 5
L et F -  F  , t h e  f i n i t e  f i e l d  o f  q e le m e n ts ,  and dinipV -  n .  L et S be 
th e  s e t  o f  i n t e g e r s ,  k ,  such t h a t  ■ and s  a r e  c o n ju g a t e  f o r  a l l  
s € G L ( V ) .  Then
( i )  i f  n -  1 ,  S i s  t h e  s e t  o f  i n t e g e r s ,  k ,  w ith  k H  m o d (q - l)
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( i i )  i f  n ^ l ,  S i s  th e  s e t  o f  i n t e g e r s ,  k ,  such  t h a t  
a .  .
k  S  q mod(q —1 ) f o r  some i n t e g e r  a^, f o r  l ' S ’ i ^ n ,  and 
( k , q )  -  1 .
P r o o f  ( i )  GL(V) «* F ^ * ,  a  c y c l i c  group o f  o r d e r  q - 1 ,  b y  t h e  t h e o r y  o f  
f i n i t e  f i e l d s ,  and t h e  r e s u l t  i s  o b v io u s .
( i i )  C o nsid er  th e  v e c t o r  space  V = aa<i t h «  endomorphism
s ind u ced  by m u l t i p l i c a t i o n  by x .  s has minimal (and hence
c h a r a c t e r i s t i c )  po ly n o m ial  g ( x ) ,  and so i s  s in g u l a r  i f  and o n ly  i f
g ( 0 )  = 0 .  T h is  shows t h a t  every  i r r e d u c i b l e  polynom ial o f  d eg ree
l e s s  th a n  or  e q u a l  t o  n ,  e x ce p t  x ,  may a r i s e  as  a f a c t o r  o f  th e
c h a r a c t e r i s t i c  po ly n o m ial  o f  some t £ G L ( V ) .
I n  p a r t i c u l a r  i f  l ^ T i ^ n ,  and c  i s  a  g e n e r a to r  o f  t h e  c y c l i c
i - i
group (P  ^) , t h e r e  i s  a  t € G L ( V )  w ith  e ig e n v a lu e s  c ,  c 1* ,  a
<1
\ k  k kqand 1 ( r e p e a te d  n—i  t i m e s ) .  Then t  has e ig e n v a lu e s  c  9 o 9 .• •
k  aaand 1 .  I f  k f S ,  we must have o -  c q f o r  some i n t e g e r  a betw een 0 
and i - 1  by e le m e n ta ry  l i n e a r  a l g e b r a ,  ( t  and t  must have t h e  same 
e i g e n v a l u e s ) .  S i n c e  o has m u l t i p l i c a t i v e  o rd e r  q * - l ,  t h i s  shows th a t
a i  j
k -  q mod(q —l )  f o r  some i n t e g e r  a^ , and t h i s  must h o ld  f o r  each  i
b etw een  1 and n .  I f  k € s ,  k must c e r t a i n l y  b e  prime t o  t h e  ord er  of
G L (V ),  and so  ( k , q )  -  1 by P r o p o s i t i o n  3 . 2 . 4 »
C o n v e rse ly  suppose t h a t  k  s a t i s f i e s  t h e  c o n d i t i o n s  i n  th e
s ta te m e n t  o f  ( i i )  o f  t h i s  th e o rem , and l e t  s ^ G L ( V ) .  No e ig e n v a lu e
o f  s can  have d egree  g r e a t e r  t h a n  n over P ,  and s o ,  by t h e  th e o r y  of
t h e  F ro b e n iu s  automorphism f o r  f i n i t e  f i e l d s ,  8 and s  have t h e  same
e ig e n v a l u e s  on any s —i n v a r i a n t  sub space  o f  T .  A ls o ,  by t h e
c o n d i t i o n s  on k ,  ( k , q )  -  1 and ( k , q * - l )  -  1 by P r o p o s i t i o n  1 . 1 . 3 ( i ) t
f o r  l ^ i - ^ n .  Bence ( k ,  |GL(V)| ) »  1 by P r o p o s i t i o n  3 . 2 . 4  and
r e p e a t e d  use  o f  P r o p o s i t i o n  l . l . l ( i i ) ( b ) . I n  p a r t i c u l a r ,  k i s  prime
v
t o  th e  o rd e r  o f  s ,  and so  b and s  have t h e  same i n v a r i a n t  subspaces 
i n  V by Lemma 3 * 2 .3 «
By Theorem 3 . 2 . 1 ,  V0 s p l i t s  i n t o  a  d i r e c t  sum o f  s - i n v a r i a n t  
submodules: Ve -  K j©  . .  where e a c h  1L «■ F & 7/ p ( x ) ' 'p f x ]  f o r
some monic i r r e d u c i b l e  p and some i n t e g e r  j .  Each i s  indecomposable 
under th e  a c t i o n  o f  s by P r o p o s i t io n  3 « 2 . 2 ( i ) ,  and so  i s  indecomposable 
under th e  a c t i o n  o f  s  s in c e  th e y  have th e  same i n v a r i a n t  s u b s p a ce s .
By P r o p o s i t i o n  3 . 2 . 2 ( i i )  and th e  r e s u l t s  i n  th e  p re v io u s  p arag rap h , 
( * L , s )  and (M ^,sk ) a re  isom orphic i n  Auto(VS) f o r  each  i .  P u t t in g  
t h e s e  isomorphisms t o g e t h e r  i n  th e  d i r e c t  sum, we f i n d  t h a t  ( V , s )  and 
( V , s ^ )  a r e  iso m orp h ic  i n  A uto(V S), a s  d e s i r e d .  Hence k £ S .
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3 . 3  Conjugacy c l a s s e s  i n  t h e  s y m p le c t io  and or th og o n a l  groups
Let P he  a  f i e l d  and £  = +1 he f i x e d .  Let 6  »  IPS  he th e  
c a te g o r y  whose o b j e c t s  a r e  f i n i t e  d im en sion al  v e c t o r  s p a c e s  V over 
F on which i s  d e f i n e d  a n o n -d e g e n e ra te  F - b i l i n e a r  form ( ,  ) such
t h a t  ( v , u )  -  £  ( u , v )  f o r  a l l  u and v i n  V. A morphism s : V ----- i n
IPS i s  an F - l i n e a r  map such t h a t  ( s u , s v )  »  ( u , v )  f o r  a l l  u and v 
i n  V. (The same symbol ( , )  i s  used f o r  th e  form on e a ch  V i n  I P S .
T h is  should not c a u s e  c o n f u s i o n ) .  We u se  th e  same c a t e g o r i c a l  
c o n s t r u c t i o n  a s  i n  th e  f i r s t  p a ra g ra p h  o f  3.2  t o  d i s c u s s  t h e  co n ju g a cy  
c l a s s e s  i n  th e  groups A u t(V ) .  I f  £  -  1 ,  we may w r i te  A ut(V ) -  0 ( V ) ,  
th e  orthog onal  group o f  V, and i f  £  = —1 we w r i te  A u t(v )  = S p (V ) ,  
th e  s y m p le c t ic  group o f  V. We n o te  t h a t  an o b j e c t ,  ( T , s )  o f  th e  
c a te g o r y  A u to ( lP S )  may be c o n s id e r e d  as  an element o f  Auto(VS) by 
ig n o r in g  th e  b i l i n e a r  form on V.
The r e s u l t s  and p r o o fs  which fo l lo w  (up t o  3 . 3 . 6 )  a r e  c l o s e l y  
based  on a p a p e r  o f  John M iln o r :  On I s o m e t r i e s  o f  In n e r  Prod uct S p a c e s ,  
( in v e n t io n e s  M a t h . ,  8 , ( I 969) ,  p .  8 3 - 9 7 ) .  See  a l s o  I . K -  Cikunov:
The S t r u c t u r e  o f  i s o m e t r i c  t r a n s f o r m a t io n s  o f  a  s y m p le c t ic  or 
or thog onal  v e c t o r  s p a c e ,  ( S o v i e t  H ath . Dokl. 6 , ( 1 9 6 5 ) ,  P* 1 4 7 9 -8 1 )«
L et x  b e  t r a n s c e n d e n t a l  ov er  F .  Given a monic polynom ial 
g ( x )  -  xn'+a1xra_1+ . . . + a m£  F / ^ w i t h  g ( 0 )  -  a^ / 0 ,  we may d e f in e  
a n o th er  such p o ly n o m ia l  by
g * ( x )  -  g ( 0) - 1xdeg^ g ( l / x )  -  ( a mxB+affl_ 1x ° * 1+ . . . + l ) / a |n.
Lemma 3 . 3 . 1
f  * *  *
( i )  d eg(g  ) -  d e g ( g )  and g -  g  whenever g iB d e f in e d .
( i i )  ( f g ) *  -  f * g *  i f  th e  r i g h t - h a n d  s id e  i s  d e f in e d ,  where f g ( x ) « f ( x ) g ( x ) .
( i i i )  I f  g i s  monic i r r e d u c i b l e ,  th e n  so  i s  g  .
( i v )  I f  ( V , s ) £ A u t o ( l P S )  and g ( x )  i s  monic w ith  g ( 0 )  / 0 ,  th e n
( g ( s ) u , v )  -  ( u , g ( s - 1 ) v )  -  g ( 0 ) ( u , s -d e g ^g ^g#( s ) v )  f o r  u , v C T .
P ro o f  ( i )  and ( i i )  a re  immediate from th e  d e f i n i t i o n  o f  g  , and ( i i i )
^  H H J— ■   I - m  T j r
fo l l o w s  im m ediate ly  from them, ( i v )  fo l lo w s  from t h e  b i l i n e a r i t y  
o f  ( ,  ) and t h e  i d e n t i t y
(bU,v ) - (s-1BU,B_1v) m (u,B~^v).
Lemma 3 . 3 . 2
I f  ( V , s ) 0 A u t o ( l P S )  and p ( x ) ,  q ( x )  a r e  monic i r r e d u c i b l e  polynom ials
w ith  p *  / q , th e n  w ith  t h e  n o t a t i o n  o f  Theorem 3 . 2 . 1 ( i i )  VB(p )  and
V ( q )  a r e  o r th o g o n a l  s u b s p a c e s ,  s
P r o o f  I f  Vs (p )  / 0 th e n  p ( 0 )  / 0 s i n c e  s i s  n o n - s in g u la r .  Choose
i n t e g e r s  i  and ;} such t h a t  p ( e ) i Vs (p )  -  q (s )^ V B( q )  = 0 ,  which i s
p o s s i b l e  by Theorem 3 « 2 . 1 ,  and choose po ly no m ials  h ( x )  and k ( x )  w ith
h (x )p  ( x )  + k ( x ) q ( x ) J  -  1 ,  which i s  p o s s i b l e  s in o e  p / q and both
a r e  monic i r r e d u c i b l e .  I n  p a r t i c u l a r ,  p * ( s ) * h ( s )  = i d e n t i t y  on VB(q )  
jLand so  p ( s )  i s  i n v e r t i b l e  when r e B t r i o t e d  t o  Ts ( q ) .  Hence f o r  a l l  
u C v b ( p ) and ▼ €  VB(q )  we have
0 -  ( 0 , v )  -  ( p i s ^ u . v )  -  p ( 0) i ( u , s - i , d e e ( p ) p * ( s ) i v ) .
S i n c e  p ( 0 )  / 0  and s - * ’ d e e ^p ^ p * ( s ) d i s  a l i n e a r  automorphism o f  
Vs ( q ) t  w® must have ( u , v )  ■ 0 f o r  a l l  u € V e (p )  and v ^ V B( q ) .
Theorem 3 . 3 . 3
L et  ( V , s ) £ A u t o ( l P S ) .
( i )  V s p l i t s  i n t o  an o r th o g o n a l  d i r e c t  sum o f  non -d eg en erate  s - i n v a r i a n t  
s u b s p a ce s :  where p runs
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th rou g h  t h e  monic i r r e d u c i b l e  p o ly n o m ials  i n  F [x ] , Vs (p )  i s  th e  
s e t  o f  v £ V  w ith  p ( s ) * v  -  0 f o r  soge i ,  and VB( { p ,p * ^ ) - V B( p ) © V B( p * ) .
( i i )  ( V , s )  and (W ,t )  a r e  isom orphic  i n  A u to ( lP S )  i f  and only i f  a l l  
t h e  p a i r s :  (Vs ( p ) , s )  and (Wt ( p ) , t )  fo fr  p -  p * t and (T |g(« f p ,p * J ' ) , s )  
and (W ^ (fp ,p*^ ) , t )  f o r  p / p *  a r e  isom orphic  i n  A u to ( lP S ) .
( i i i )  F o r  p /  p * ,  (Va ( ( p , p * i ) » » )  »ad (Ht ( ^ p , p * J ) , t )  a re  isom orphic i n  
Auto ( I P S )  i f  and on ly  i f  th e y  a r e  isom orphic  in  Auto(VS)«
1
( i v )  I f  p -  p , Vs (p )  s p l i t s  i n t o  an o r th o g o n a l  d i r e c t  sum o f  non­
d e g e n e ra te  s - i n v a r i a n t  s u b sp a ces :
^ B(p )  ■ T ^ ( p ) © . . . © V ^ ( p ) ,  where, i n  t h e  n o t a t i o n  o f  Theorem 3 . 2 . 1 ,  
VB(p )  i s  a d i r e c t  sum o f  modules o f  th e  form f £x ]/ p ( x ) * f D O .
P r o o f  ( i )  There i s  a d i r e c t  sum s p l i t t i n g  o f  t h i s  fo rm  by Theorem 3 . 2 . 1 .
The s p l i t t i n g  i s  or th og o n a l  by t h e  p re v io u s  lemma. Each subspace i n  
th e  s p l i t t i n g  i s  n o n -d eg e n e ra te  s in c e  t h e i r  o r th o g o n a l  d i r e c t  sum i s .
( i i )  Any isomorphism h : ( V , s ) -----i ( W , t )  must map V ( p )  t o  W.(p) by
Theorem 3 . 2 . 1 .  The r e s t  iB  o b v io u s .
( i i i )  Given an isomorphism h: (V s (^p,p _}■) , s ) ----- ^ ( ' i t (,£p»P  _^)»t)  i n
A u to (V S ) ,  we know t h a t  h maps Vs (p )  i s o m o r p h ic a l ly  t o  H^(p) by
Theorem 3 . 2 . 1 .  Choose a b a s i s  o f  Vs ( p ) .  S i n c e  VB( { p , p * } )
i s  n o n -d eg e n e ra te  and ( e ^ , e j )  = 0 f o r  a l l  i  and j  b y  th e  l a s t  lemma,
t h e r e  i s  a  unique b a s i s  f ^ , . . . , f n o f  VB(’p * )  w ith  ( e ^ , f j )  -  f o r
a l l  i  and j .  (T h is  may be proved  by th e  same method a s  Lemma 3 . 1 . 4 ) .
S i m i l a r l y  h e , , . . . , h e  i s  a b a s i s  c f  W ( p ) ,  and W .(p * )  has a unique i  n x x
b a s i s  f £ , . . . , f ^  w ith  ( h e ^ f * )  = f o r  a l l  i  and j .  D ef in e  a
l i n e a r  map k :V B(- fp ,p * J - ) ------- >Wt ( £ p , p * J )  by
ke^ « h e ^  kf\ -  fj^ f o r  1^  i ^ ( n .
S t r a i g h t f o r w a r d  c a l c u l a t i o n  shows t h a t  k i s  an isomorphism i n  A u to ( lP S ) .
( i v )  By Theorem 3 . 2 . 1  t h e r e  i s  suoh a s p l i t t i n g  i n  A u to(V S ) ,  but i t  
need not be  o r th o g o n a l .L e t  * s (p ) -U © V ^  be such a l i n e a r  s p l i t t i n g  
where v”  i s  a  d i r e c t  sum o f  modules o f  th e  form F ( * ] / p ( x ) mF [ x 3 , and 
p i s ) " 1-1! !  -  0 .
L et  u C V m w ith  ( v , u )  -  0  f o r  a l l  « €  V™. Hence 
0 -  ( p ( s ) “ - 1v ,u )  f o r  a l l  v € T s (p )  -  D ® V ^ ,
“ (▼ fP (0 )s -< e^^ * >^ p ( s ) m_^u) by Lemma 3 . 3 . 1 «  Hence 
p ( s ) m-1u -  0 s i n c e  VB(p )  i s  n o n -d e g e n e ra te ,  and so  u  ■ p i s j u j  f o r  
some S i m i l a r l y  ( p t a ) “ " 2* ^ « ) ^ )  -  0 f o r  a l l  v € V s ( p ) ,  and
a r e p e t i t i o n  o f  th e  above argument shows t h a t  P ( s ) m ^Uj -  0 , so t h a t  
U j -  p ( s ) u 2 f o x  Borne Ug 6  V^, and so u -  p ( s )  Ug.
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C o ntinu ing  i n  t h i s
way, we e v e n t u a l l y  show t h a t  u -  p ( s ) mum -  0 ,
Thus V™ i s  a n o n -d e g e n e ra te  subspace o f  V ( p ) ,  and c a n  be s p l i tB B
o f f  a s  an o r th o g o n a l  d i r e c t  summand by P r o p o s i t i o n  3 . 1 . 5 *  ( v ^  i .
a l s o  c l e a r l y  » - i n v a r i a n t ,  and a p p ly in g  t h e  same argument t o  a  d i r e c t  
sum d e c o m p o si t io n  o f  t h i s  su b sp a ce  we e v e n t u a l l y  prove t h e  e x i s t e n c e  
o f  t h e  d e s i r e d  d eco m p o si t io n .
We prove  l a t e r  t h a t  t h e  isomorphism c l a s s e s  o f  t h e  (V d( p ) , s )  
a r e  u n iq u e ly  determ ined by s  and p i n  a lm ost a l l  c a s e s .
Lemma 3 . 3 . 4
I f  p ( x )  i s  monic i r r e d u c i b l e  and p = p , th e n  
e i t h e r  ( a )  p (x )  -  x  + L  o r  x  -  1 ,
o r  ( b )  p (x )  -  xk  + a ^ * - 1  + ••• + a ^ x  + where k  -  2d i s
even and a^  ^ = a ^ _ i  f o r  l ^ C i ^ k - 1 .
*
P r o o f  I f  p ( a )  = 0 ,  th e n  p ( l / a )  = 0 by t h e  d e f i n i t i o n  o f  p -  p .  I f  
a  = l/ a  f o r  some r o o t  a o f  p ,  t h e n  a « 1  and we have c a s e  ( a ) .  
O th erw ise  p must have an even number o f  r o o t s  and so  have even  d eg ree .  
The r e s t  f o l l o w s  by e q u a t in g  c o e f f i c i e n t s  i n  th e  e x p r e s s i o n s  f o r  p (x )  
and p ( x ) ,  n o t in g  t h a t  p ( l )  / 0 .
I n  o rd e r  t o  proceed  f u r t h e r  i t  i s  co n v e n ie n t  t o  c o n s i d e r  th e  
c a s e s  ( a )  and ( b )  o f  t h i s  lemma s e p a r a t e l y .  We d e a l  w i th  c a s e  (H) 
f i r s t .  D e f in e  a r a t i o n a l  f u n c t i o n  in  P ( x )  by 
r ( x )  -  x ^ p i x )  -  r ( l / x ) .
Thus f o r  ( V , s ) 6 'A u t o ( l P S ) ,  and u , v € V ,  ( r ( s ) u , v )  -  ( u , r ( s ) v )  by 
Lemma 3 « 3 « l ( l v ) .
W r i te  ^  f o r  th e  image o f  x  in  t h e  f i e l d  E ■ f £x J / p ( x ) p £x]  
under t h e  n a t u r a l  map. Hence E -  F « 3 .  and
0  -  p ( f ) -  P * ( f  ) -  P ( 0 ) " 1 ^ de* ( p ) p ( §  _ 1 ) f and s o  p ( | _ 1 ) -  0 .  
Hence t h e r e  i s  a  unique automorphism, ai—> a ,  o f  E f i x i n g  P  such t h a t
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^  -  *5 —^ .  Thfcs automorphism i s  not t h e  i d e n t i t y  b ut a -  a  f o r  a l l
a Ç E .  K eep in g  t h i s  n o t a t io n  we haves 
Theorem 3 . 3 « 5
L et  p (x )  h e  a s e p a r a b le  i r r e d u c i b l e  monic polynom ial over  F o f  degree  
a t  l e a s t  2 w i th  p = p * .  Wa u s e  t h e  n o t a t i o n  o f  Theorem 3 . 3 . 3 ( i v ) .
The v e c t o r  sp a ce  H *(p) = V ^ (p )/ p (s)V ^ (p )  over E admits a unique 
n o n -d e g e n e ra te  s e s q u i l i n e a r  form ^ ( u ) , ( v ) ^  over E s a t i s f y i n g
( i )  < ( v ) , ( u ) >  -  £  < ( u ) , ( v ) >
( i i )  t r a c e Eyp < ( u ) , ( v ) >  -  ( u , r ( s ) i - 1v ) f o r  u . v Ç V ^ p ) ,  
where (u )  d e n o te s  th e  e q u iv a le n ce  c l a s s  o f  th e  v e c t o r  u i n  th e  
q u o t ie n t  s p a c e .  The isomorphism c l a s s  o f  (Vs ( p ) , s )  i n  A u to ( lP S )  
u n iq u e ly  d e te rm in e s  t h e  e q u iv a le n ce  c l a s s e s  o f  th e  s e s q u i l i n e a r  
sp a ce s  H ^ (p ) .
Note The h y p o th e s i s  o f  s e p a r a b i l i t y  i s  not n e c e s s a r y  but t h i s  c a s e  i s  
adequate  f o r  our p u rp o s e s .  See M i ln o r ’ s  paper f o r  comments on t h i s .  
P r o o f  D e f in e  a  sequence o f  su b sp a ces  o f  Vs (p )  by V ( i )  «  K e r ( p ( s ) * ) ,  
s o  t h a t  0  -  V ( 0 ) Ç V ( l ) C . . . Ç v ( m )  -  VB( p ) .  C l e a r l y  VB( p ) £ V ( i )  and 
i t  i s  e a s y  t o  see  t h a t  th e  i n c l u s i o n  map induces a v e c t o r  space 
isom orphism : HB(p )  “  VB(p )/ p (s )V B(p )  V ( i ) / [ V ( l - l ) + p ( s ) V ( i + l ) J  -  H . 
ThiB isomorphism becomes E - l i n e a r  when we d e f in e  th e  a c t i o n  o f  E on 
b o th  q u o t i e n t  sp a ces  by f ( ^ ) ( u )  -  ( f ( s ) u ) .  Vie c o n s t r u c t  th e  in n er  
product <  . >  on H* i n  a way t h a t  makes i t  c l e a r  t h a t  i t s  
e q u iv a le n c e  c l a s s  depends only on t h e  isomorphism c l a s s  o f  (Vs ( p ) , s )  
i n  A u t o ( I P S ) .
F o r  ( u J . i v J Ç H 1 , d e f in e  ( ( u ) , ( v ) )  -  ( u , r ( s ) i _ 1v ) Ç F ,  which i s  
w e l l - d e f i n e d  s in c e  r ( s )  -  s ~ ^ p ( s ) .  Next d e f in e
^ ( u ) , ( v ) ^  » th e  unique element e ' f  E such t h a t  t r a c e E^p ( e e ' ) « ( e ( u ) , ( v ) )  
f o r  a l l  e € E .  (ThiB  i s  w e l l -d e f in e d  s in c e  E i s  se p a ra b le
over F and e l __> ( e ( u ) , ( v ) )  i s  an F - l i n e a r  map from E t o  F ) .  Thus
^ ( u ) f ( v ) ^  €  E i s  u n iq u e ly  d e f in e d  b y  th e  eq u a tio n :
t r a c a E/p( e < ( u ) , ( v ) >  ) -  a l l  e - f ( £  ) €  E ( « )
UL et a «  g ( f ) ,  e = f (  ^  ) €  E .  Then 
t r a c e E/p (e  ^ a ( u ) , ( v ) >  ) -  t r a o e E^p( e - < ( g ( B ) u ) , ( v ) >  )
-  ( f ( B ) g ( s ) u , r ( s ) i _ 1 v )  hy ( * )
■ t r a o e E^p( e a  ^ ( u ) , ( v ) ^  ) f o r  a l L  e , a ^ E .
Hence ^ a ( u ) , ( v ) ^  = a ^ ( u ) , ( v ) ^  .  S i m i l a r l y  we may show t h a t  
< ( u ) + ( v ) , ( w ) >  -  < ( u ) , ( w ) >  + < ( v ) , ( w ) > ,  and s o  <  , >  i s  E - l i n e a r
i n  i t s  f i r s t  v a r i a b l e .  A lso
t r a c e E^p (e  ^ ( v ) , ( u ) ^  ) = ( f ( s ) v , r ( e ) 1_ 1u) = ( r ( s ) i - 1v f f ( s - 1 )u )
“ £ ( i ‘(B - 1 ) u f r ( s ) 1“ 1v )
-  £  t r a c e Eyp ( S < ( u ) , ( v ) ^  )
-  ■traoeE^p ( e £ ^ ( u ) , ( v ) > )  f o r  a l l  * € E ,  
s in c e  £  = + 1 .  T h i s  proves p r o p e r ty  ( i )  o f  K  , }  and a l s o  shows 
t h a t  i t  i s  s e s q n i l i n e a r .  P r o p e r ty  ( i i )  i s  th e  s p e c i a l  c a s e  o f  ( * )  
ob ta in ed  by p u t t i n g  e ■ 1 .  I f  ^ ( u ) , ( v ) ^  -  0  f o r  a l l  ( u ) ^ H ^ ( p ) ,  
th en  p r o p e r ty  ( i i )  im p l ie s  t h a t  r ( s ) * ~ ^ v  -  0 s i n c e  (  ,  ) i s  non­
d eg e n e ra te  on V ( p ) ,  and hence ( v )  ■ 0  i n  H * ( p ) .  T h is  pro ves  t h a t8 S
^  }  i s  n o n -d e g e n e r a te .
C o n v e rs e ly  suppose we a r e  g iv e n  a s e s q u i l i n e a r  form 
on H* s a t i s f y i n g  ( i i ) .  L et e -  f ( ^ ) € E ,  ( u J ^ v J C H * .  Then
t r a c e E^p ( e  ^ ( u ) , ( v ) ^  ) -  t r a o e E^p ^ e ( u ) , ( v ) ^  by  e e s q u i l i n e a r i t y
-  ( f ( s ) u , r ( s ) i - 1v )  by p r o p e r ty  ( i i ) .
So ^  ^  n e c e s s a r i ly  s a t i s f i e s  equation  ( * )  which determ ines a
unique s e B q u ilin e a r  form on H^.
C o r o l la r y  3 . 3 . 6
The e q u iv a le n c e  c l a s s e s  o f  t h e  s e s q u i l i n e a r  s p a c e s ,  H *(p )  f o r  l ^ i - ^ m ,  
u n iq u e ly  d e te rm in e  th e  isomorphism c l a s s  o f  (VB( p ) , s )  i n  A u to ( lP S )  
f o r  c h a r ( P )  /  2 .
Note The r e s t r i c t i o n  on th e  c h a r a c t e r i s t i c  o f  P  i s  not  needed f o r  th e  
r e s u l t ,  b ut i s  needed f o r  th e  p r o o f  p re s e n te d  below . See. M iln o r ’ s 
paper f o r  comments on t h i s .  However th e  same r e s t r i c t i o n  on th e
c h a r a c t e r i s t i c  i s  needed f o r  some l a t e r  r e s u l t s .
P r o o f  F i r s t  we c o n s i d e r  t h e  c a s e  £  = 1 ,  ( t h e  o r th o g o n a l  c a s e ) .  By 
P r o p o s i t i o n  3 . 1 . 6  H *(p) has  an o r th o g o n a l  b a s i s  ( u ^ ) , . . . , (u r ) w ith  
< ( u . ) , ( u . ) \  ~ o . b o . j1 0 ,  s i n c e  ^  i s  n o n -d e g e n e r a te .  We
choose  a c o s e t  r e p r e s e n t a t i v e  u ^ j  o f  ( u ^) i n  Vs (p )  80 * k a t  we may 
d e s c r i b e  th e  in n e r  produ ct ( , ) a s  sim ply a s  p o s s i b l e .
F i r s t  choose any r e p r e s e n t a t i v e  o f  ( u ^ ) t and s e t  
u* -  (1  + a ( s ) r ( s ) ) u ^  where t h e  po ly no m ial  a ( x ) €  f £x3  i s  t o  b e  chosen  
l a t e r .  F or  O ^ k ^ d ,  where 2d = d e g ( p ) ,  we have 
( s kr ( s ) u » , u j )  -  (■ kr ( « ) i - 2tt1 , u 1 )  + Rk , where
Rfc = ( s ^ C s J ^ U j ^ . a i s J r i s ) ^ )  + ( s ^ s J ^ a i s J u ^ U j + a C s J r C s J u j )
=* ( s kr ( s ) i - 1 a ( s - ^ )u ^ ,u ^ ) + ( s k r ( s ) *  1a ( s ) u j , u ^ )  + O'by Lemma 3 * 3 . 1
and s i n c e  r ( s ) *  -  0 on V^(p) 
k  —1 i —1~ ( s  ( a ( s ) + a ( s  ) ) u ^ , r ( s )  u^ ) by b i l i n e a r i t y  and Lemma 3«3»1
“ t r a c e E^F ( ^ k ( a ( 5  ) + a ( g  ) ) ^  ( u ^ u ^  ) by e q u a t io n  ( * )  i n  th e  l a s t
p ro o f
-  t r a c e K / F ^ ? k + 8 in c e  ° 1 € K  and a ( x ) € F £x7»
where K i s  th e  s u b f i e l d  o f  e le m e n ts  o f  E f i x e d  under th e  i n v o l u t io n  
a t— > a .  (We have used th e  t r a n s i t i v i t y  o f  th e  t r a c e  map f o r  F  £ K £ E ) .
The s e t  o f  ( ^  )c^  f o r  0< C k< d  i s  a b a s i s  o f  K over F ,  and
s o  t h e r e  i s  a unique h € K  su ch  t h a t
t r a c e K/p( ( f k + j| ^ h )  -  - ( s kr ( s ) i - 2u1 , u 1 ) f o r  0 « T k < d .  
h = e+e f o r  some e € E  s i n c e  t r a c e s E — i s  s u r j e c t i v e .  We choose 
a ( x ) g  F f x 7  such t h a t  a ( ^ )  = e ^ E  »  With t h i s  c h o i c e
(B kr ( s ) * ~ 2u^fu^) » 0 f o r  0^ k < d .
p
Next we l e t  u£ -  ( 1  + b ( s ) r ( s )  )u^, and an alm ost i d e n t i c a l  
c a l c u l a t i o n  shows t h a t  we may ch o o se  b ( x ) ^ F [ V J  such t h a t  
( s kr ( s ) ^ u £ , u j )  ■ 0 f o r  O ^ k ^ d  and j  -  i - 2 ,  i - 3 .
P ro c e e d in g  i n  t h i s  f a s h i o n  we e v e n t u a l l y  c o n s t r u c t  such  th a t
■ 0 f o r  0^ k < d  and O ^ J ^ i -2
■ 0 f o r  0, £ k < d  and 0 <Tj / i - 1 , s i n c e
r ( 8) V ( P ) -  0 .  A lso
! ) » « ( ! ) )  “  ( ekla( 1 ) * r ( 8 ) i _ l u ( 1 ) )
-  t r a c e E ,^p ( ^ k c1 ) f o r  a l l  k ,  by ( * ) ,
( i t  i s  c l e a r  from t h e  c o n s t r u c t i o n  t h a t  ( u ( i ) )  "  in  H * ( p ) ) .
Next suppose k ^ d .  Then
( s kr ( s ) J u ( 1 j fu ( 1 ) ) -  ( u ( l ) » 8" * ( r ( 8>J >u ( l ) l  -  ( s~ kr ( s ) J u( 1 j fu ( 1 ) )
1C — Jr
(T h is  i s  t h e  f i r s t  u se  made o f  th e  c o n d i t i o n :  c h a r ( P )  ^ 2 ) .  x  +x 
and r ( x )  c a n  he w r i t t e n  a s  po ly no m ials  i n  th e  v a r i a b l e  x+x  ^ o f  
d eg ree s  k  and d r e s p e c t i v e l y ,  (rem em bering t h a t  r ( x )  = r ( l / x ) ) .
Hence xk+x_k  « t ( x + x - 1 ) r ( x )  + q(x+x- 1 ) w i th  d e g ( t ) <  k ,  d e g ( q ) < d .
So ( ( s k+s- k ) r ( s ) ’ju^1 j , u ^ 1 j )  -  ( t ( s + s - 1 ) r ( 8) ' i+1u ^ 1 j , u ^ 1 j )
+ ( q ( s + s - 1 ) r ( B) ' ,U ( 1 ) . U ( 1 ) ) f
and so  t h e s e  in n e r  p ro d u cts  may be found by i n d u c t i o n  on k .  Note
lc it h a t  a l l  t h e s e  in n e r  produots ( s  r ( s )  J u^ ^  , u ^ j ) a r e  determ ined by 
k ,  j  and o n ly .
A b a s i s  o f  t h e  v e c t o r  subspace f £s J u ^  o f  V * ( p )  i s  g iv en  by 
th e  s e t  o f  b^ b J^u ^ j  f o r  O ^ j ^ i - 1  and 0 ^ k ^ 2d - l ,  and th e  in n e r  
produot o f  two b a s i s  e lem ents  i s  g iv en  b y  
( s kr ( s ) ^ u ^ j j , s k , r ( s ) ^ ' u ^ 1 j )  -  ( s k - k ' r ( 8)*i+;i
and so  depends only  on j + j ’ , I k—k 'l  , and c . .
V --------k  1
Suppose t h a t  k <  2d a k j B r ( B) J u ( i )  i s  o r th o g o n a l  t o  every  
0 << J < i
v e c t o r  i n  t h e  subspaoe P f s j u ^ j ,  f o r  some a ^ ^ F .  T a k in g  i t s  in n e r  
product w i th  s - k  r ( s ) i - ^ u ^ j ,  remembering t h a t  r ( s ) i u ^ j  -  0 ,  and 
u s in g  e q u a t io n  ( * )  from th e  p ro o f  o f  Theorem 3 . 3 . 5 ,  we f in d  t h a t
°  “  t W e E/P( ^ = ak Q ^ k + k ,° l ) “ ■tr a o e E/P( a 0 ^ k ,C l ) f ° r  a U  k ’ ’ Where 
a0 • £ < k < g cL ak o 5 k * a0 “ ° *  8inoe t h e  se t  0 f  ^ k ' Cl  8pans E over
F as  k ’ ru n s  through th e  p o s i t i v e  i n t e g e r s .  Henoe e a c h  a^0 -
kth e  s e t  o f  §  f o r  0 ^ k < 2 d  a r e  l i n e a r l y  independent over F .
0 s in c e
MS’
—k* i —2
S i m i l a r l y ,  t a k i n g  an in n e r  p ro d u c t  w ith  e r ( s )  u ( l ) ’  we may Bk 0>f 
t h a t  e a ch  afc  ^ = 0 .  P ro c e e d in g  i n  t h i s  f a s h i o n  we show t h a t  f £sJ  
i s  a  n o n -d e g e n e ra te  Buhspaoe o f  V * ( p ) .
Hence V * (p )  =■ F ^ s J u ^ ^ U ,  an o r th o g o n a l  d i r e c t  sum. Copying 
th e  com putat ion  above t o  f i n d  u ^ ^ ,  we s t a r t  hy c h o o s in g  any 
r e p r e s e n t a t i v e  u^ o f  (Ug) from O, and f i n d  a  r e p r e s e n t a t i v e  tl( 2) * n 
U such  t h a t  t h e  i n n e r  produ ct on f £s J ^ 2 )^ s  determ ined *>y o^i ^  i s  
n o n -d e g e n e r a te .  I t  i s  c l e a r  fro m  t h i s  c o n s t r u c t i o n  t h a t  th e  
isomorphism c l a s s  o f  ( V * ( p ) , s )  i s  u h iq u e ly  determ ined  b y  th e  numbers 
0l i . . . | 0r C Ki and 80 ds c e r t a i n l y  d eterm ined  by th e  e q u iv a le n c e  c l a s s  
o f  t h e  s e s q u i l i n e a r  sp a ce  H * ( p ) .  T h is  co m p le tes  th e  p r o o f .
The c a s e  £  = - 1  can  be  red u ced  t o  t h e  c a s e  £  -  1 a s  f o l l o w s :  
d e f in e  a new in n e r  produ ct on Vs (p )  by
u . v  -  ( ( s - s - * ) u , v )  = v .u
T h is  has th e  e f f e c t  o f  m u l t i p l y i n g  a l l  t h e  a s s o c i a t e d  fo rm s  K ., ^  t y  
I ? -  ^  , and so  a l l  th e  a p p r o p r i a t e  r e s u l t s  f o r  ( ,  ) c a n  be deduced 
from th o s e  f o r  t h e  new in n e r  p r o d u c t .
C o r o l la r y  3 . 3 . 7
In  t h e  n o t a t i o n  o f  Theorem 3 « 3 . 3 ( i v ) ,  th e  isomorphism c l a s s  o f  
(V ( p ) , s )  i n  A u to ( lP S )  u n iq u e ly  d eterm in e s  and i s  d e term in e d  by t h e  
isomorphism c l a s s e s  o f  th e  ( V ^ ( p ) , s )  f o r  l^T i^, m.
Now we r e t u r n  t o  c a s e  ( a )  o f  Lemma 3 . 3 . 4 *
Theorem 3 . 3 . 8
L et p ( x )  - x + l o r x - 1 ,  and assume t h a t  c h a r ( P )  /  2 .  He use t h e  
n o t a t i o n  o f  Theorem 3 . 3 . 3 .  The v e c t o r  spaoe u V p )  -  Va ( p ) / p ( s ) V * ( p )D O  O
over P adm its  a non—d eg e n e ra te  ‘b i l i n e a r  form ^ ( u ) f ( v ) ^  d ef in e d  by
“ ( ( s - s - 1 ) 1“ 1« ^ )  .
and s a t i s f y i n g  ( ( ▼ )» (« ) > »  ( —l ) i_ 1 £ < \ ( u ) t ( v ) >  . The e q u iv a le n ce
c l a s s e s  o f  t h e  b i l i n e a r  s p a ce s  U *(p )  f o r  1 ^  i^. m u n i q u e l y  determ ine
m .
t h e  isomorphism c l a s s  o f  (Vs ( p ) , s )  i n A u t o ( l P S ) .
Note The r e s t r i c t i o n  on th e  c h a r a c t e r i s t i c  o f  F  i s  e s s e n t i a l  f o r  
t h i s  th e o r e m .
P r o o f  <  ,  y  i s  w e l l - d e f i n e d  s i n c e  ( s - s  = 0 on V ^ ( p ) .  I t  i s
n o n -d e g e n e ra te  s i n c e  ( ,  ) i s ,  and s a t i s f i e s  t h e  symmetry ( o r
a n tisy m m e tr j )  c o n d i t i o n  s in c e  ( ( s - s —^ )u ,v )  = ( u , ( s - 1- s ) v )  f o r  a l l  u
and t C T .  (The whole p ro o f  o f  t h i s  theorem re s e m b le s  a  v e ry  easy
c a s e  o f  Theorem 3 . 3 . 5  and C o r o l l a r i e s  3 . 3 . 6  and 3 . 3 * 7  a l l  com bined).
Next we show t h a t  th e  e q u iv a le n c e  c l a s s  o f  th e  b i l i n e a r  space
U *(p )  d e te rm in e s  th e  isomorphism c l a s s  o f  ( V ^ ( p ) , s ) .  ( i t  may be shown
t h a t  t h e  e q u iv a le n c e  c l a s s  i s  d eterm ined  by t h e  isomorphism c l a s s  as
a t  th e  b e g in n in g  o f  th e  p ro o f  o f  Theorem 3 « 3 « 5 )«  We d e a l  w ith  th e
c a s e  £  = 1 .  (The p ro o fs  f o r  th e  c a s e  £  = - 1  a re  a lm ost i d e n t i c a l ) .
L e t  D = s - s _ 1 .  Then (D u ,v)  = - ( u ,D v )  f o r  a l l  u , v € V ,  and
^ ( u ) , ( v ) ^  =(D1 -1 u , v ) .  Suppose t h a t  i  i s  odd. Then K. ,  ^  i s
sy m m e tr ic .  Choose an orthogonal b a s i s  ( u ^ ) , . . . , (uy ) o f  U *(p )  w ith
^ ( u . ) , ( u . ) ^  = c  . / 0 .  Choose a n  a r b i t r a r y  r e p r e s e n t a t i v e  u^ o f  th e
3 3 J
kc o s e t  ( u ^ ) .  S in c e  ( ,  ) i s  sy m m etric ,  (A u ^ ,u ^ )  = 0 a u t o m a t i c a l ly  i f
2
k  i s  odd. W rite  u^ « u^ + aD u^. By a much s i m p l i f i e d  v e r s i o n  o f  th e  
argument i n  th e  p r o o f  o f  C o r o l l a r y  3 . 3 . 6  we f i n d  t h a t  a  may be chosen 
i n  P s o  t h a t  (D1- ^u£,u^) » 0 .  ( i  i s  odd). Adding a s u i t a b l e  m u lt ip le  
o f  D^uj  ^ t o  u^ and r e p e a t in g  th e  argum ent, we e v e n t u a l l y  f i n d  t h a t  u^ 
oould  have beetn chosen so t h a t  (D*^u^,Uj) -  0 f o r  / i - 1  and
(Di - 1U j , u ^ )  » c ^ .  U sing  th e  s e t  o f  D^u^ f o r  0 i - 1  a s  a b a s i s  of 
F^bJ u  ^ we may i m i t a t e  th e  r e s t  o f  th e  p ro o f  o f  C o r o l la r y  3 . 3 . 6  a f t e r  
showing t h a t  th e  subspace i s  n o n -d e g e n e ra te .
I f  i  i s  even , then  ^  ^  i s  a n t is y m m e tr ic ,  and by P r o p o s i t io n  3 .1 * 7
U *(p )  h a s  a  b a s iB  o f  v e c to r s  ( e i ) , ( f j )  w ith  ^ ( e ^ j i f j ) ^ -  S j j  • By 
th e  method o f  th e  l a s t  paragraph we may ch oo se  a r e p r e s e n t a t i v e  e^ o f  
( e ^ )  s u c h  t h a t  (D**e^,e^) -  0 f o r  a l l  j ,  by m o d ify ing  t h e  f i r s t  ch o ice  
w ith  m u l t i p l e s  o f  b o th  Dex and D fx e t c .  Then f j  i s  ch o se n  s i m i l a r l y
so  t h a t  ( D ^ . S j )  -  0 f o r  a l l  j ,  ( D ^ e ^ f j )  = 0 u n le s s
j  = i - 1 ,  (D1 - 1 « ^ ^ )  = 1 ,  and e1? ^  l i e  i n  t h e  su b sp ace  spanned by 
(e ^ )  and ( f ^ ) .  The p r o o f  t h e n  c o n t in u e s  i n  th e  u s u a l  f a s h i o n  a f t e r  
showing t h a t  t h i B  sub sp ace  i s  n o n -d e g e n e ra te .
The s tu d y  o f  t h e s e  groups over  a f i n i t e  f i e l d  and th e  p r o o f  
o f  th e  th eorem  c o r re s p o n d in g  t o  Theorem 3 . 2 . 5  f o r  t h e s e  groups i s  
postponed t o  a  l a t e r  s e c t i o n .
•fS
3 . 4  C an jug acy  c l a s s e s  i n  t h e  co n fo rm a l  s y m p le c t ic  and o r th o g o n a l  groups
L e t  P he a f i e l d  and £  .  +1 b e  f i x e d .  L et  (S  -  CIPS be t h e  
c a t e g o r y  whose o b j e c t s  a re  f i n i t e  d im e n s io n a l  v e c t o r  s p a c e s  T ov er  
P on w h ich  i s  d e f in e d  a non—d e g e n e r a te  F - b i i i n e a r  form ( ,  ) such 
t h a t  ( v , u )  ■ 6  ( u , v )  f o r  a l l  u  and v  i n  V. A morphism s s T — >W i n  
CIPS i s  an P - l i n e a r  map such t h a t  ( s u f s v )  «  0 i f  and only  i f  ( u , v ) = 0  
f o r  u fv  £ V .  (The same symbol ( ,  ) i s  used  f o r  th e  b i l i n e a r  forms on 
V and W. T h is  shou ld  not c a u s e  c o n f u s i o n ) .  He use  th e  same 
c a t e g o r i c a l  coup* f i c t i o n  a s  i n  th e  f i r s t  paragraph o f  3*2 t o  d i s c u s s  
th e  co n ju g a cy  c l a s s e s  i n  t h e  groups A u t (V ) .  I f  £  ** 1 ,  we may w r i t e  
Aut(V) =» CO(V), t h e  conform al o r th o g o n a l  group o f  V, and i f  8  -  - 1  
we w r i t e  Aut(V) = CSp(V), t h e  co n fo rm a l  s y m p le c t ic  group o f  V. He 
n o te  t h a t  an o b j e c t  ( V , s )  o f  t h e  c a t e g o r y  Auto(CIPS) may be c o n s id e r e d  
as  an e lem ent o f  Auto(VS) b y  i g n o r i n g  th e  b i l i n e a r  form on V. He 
a l s o  n o t e  t h a t  th e  c a t e g o r i e s ,  IPS and A u t o ( lP S ) ,  o f  3 *3  a r e  b o th  
s u b c a t e g o r i e s  o f  t h e  c o rre s p o n d in g  c a t e g o r i e s  o f  t h i s  s e o t i o n .  The 
t r e a t m e n t  o f  co n ju g a cy  c l a s s e s  g iv e n  below i s  v e ry  s i m i l a r  t o  th e  
t r e a tm e n t  i n  3 * 3 .
L et s :V -----  ^H be a morphism i n  C IP S . Applying Lemma 3 . 1 . 1  w i th
f ( u , v )  = ( u , v )  and g ( u ,v )  -  ( s u , s v ) ,  we s e e  t h a t  t h e r e  i s  a unique 
^ ( s ) €  P *  such t h a t  ( s u , s v )  -  A ( s ) ( u , v )  f o r  a l l  u , v € V .  I f  s and t  
a r e  morphisms i n  CIPS whose c o m p o s i t io n  s t  i s  d e f in e d ,  th e n  c l e a r l y  
( s t )  m 'X  ( s ) X ( t ) .  (Note t h a t  t h i s  use  o f  th e  map "X i s  c o n s i s t e n t  
w ith  t h e  d e f i n i t i o n  o f  i t  g iv e n  i n  P r o p o s i t i o n  3 . 1 . 2 ( i ) ) .  Prom t h i s  
and t h e  d e f i n i t i o n  o f  morphisms i n  A u to(TTPS) ,  i t  fo l lo w s  t h a t  two 
o b j e c t s  ( V , s )  and ( H , t )  a r e  iso m o rp h ic  i n  A u to (C L S )  on ly  i f
( s )  -  2( ( t ) .  Prom now on we assume t h a t  a l l  o b je c t s  ( T , s )  tinder 
c o n s i d e r a t i o n  have th e  same v a lu e  o f  ^  ( s )  « "X .
L et  x  be  t r a n s c e n d e n t a l  ov er  P .  Given a  monic polynom ial 
g ( x )  -  x m+a1xm“ 1+ . . . + a m€ P £ a J  w i t *  e ( ° )  -  am / °> we may defin e  
a n o t h e r  Buch po lynom ial by
* 1
« * ( * )  -  g ( 0 ) - * 1xd e ß ( g )g ( i\ / x )
/ m m- 1  - i in - i  i  /\*\ /_» ( a  x  + a  x  + . . .  + a .  x  + . . .  + A  J/ »  »m m—1  l  m
(T h is  g e n e r a l i s e s  th e  s i t u a t i o n  i n  3 . 3  where A  «• 1 th r o u g h o u t) .
With minor m o d i f i c a t i o n s  many o f  t h e  r e s u l t s  o f  3 . 3  s t i l l  h o ld .
Lemma 3 . 4 . 1
( i )  d e g ( g * )  = d e g (g )  and g * *  = g  whenever g*  i s  d e f in e d .
( i i )  ( f g ) * =  f * g *  i f  "the r i g h t - h a n d  s id e  i s  d e f i n e d ,  where f g ( x ) = f ( x ) g ( x )
*
( i i i )  I f  g i s  monio i r r e d u c i b l e ,  th e n  so  i s  g  .
( i v )  I f  ( V , s )  Ç Auto(CIPS) w i th  * ( s )  = A and g ( x )  i s  monic w ith  
g ( 0) jl 0 , t h e n  f o r  u , v £ 7
( g ( s ) u ,v )  = ( u , g ( A s - 1 )v) = g ( 0 ) ( u ,B - d e g ^g ^ g *(s)v )
4f.
P ro o f  ( i )  and ( i i )  a re  immediate from th e  d e f i n i t i o n  o f  g , and ( i i i )  
fo l lo w s  im m ediate ly  from them , ( i v )  fo l lo w s  from th e  b i l i n e a r i t y  o f  
( , )  and t h e  i d e n t i t y
( s u , v )  •» ^ ( s - 1 s u , s - 1v )  -  ( u ,A  s - 1v ) .
Lemma 3 . 4 . 2
I f  ( V , s ) 6 A uto(C IP S) and p ( x ) ,  q ( x )  a r e  monio i r r e d u c i b l e  polynom ials  
w ith  p *  / q, th e n  w ith  t h e  n o t a t i o n  o f  Theorem 3 . 2 . 1 ( i i ) ,  VB(p )  and 
Vs (q )  a r e  o r th o g o n a l  s u b s p a c e s .
P ro o f  Almost i d e n t i c a l  t o  t h e  p ro o f  o f  Lemma 3 . 3 . 2 ,  but u s in g  
Lemma 3 . 4 . 1  i n s t e a d  o f  Lemma 3 . 3 . 1  towards t h e  end o f  th e  p r o o f .
Theorem 3 . 4 . 3
Let ( 7 , s ) € A u t o ( C I P S ) .
( i )  V s p l i t s  i n t o  an o r th o g o n a l  d i r e c t  sum o f  n o n -d e g e n e ra te  s - i n v a r i a n t  
s u b s p a c e s :  7  -  [ * ® *  v 8(p ) j ® r ® *  v W j > ] wher« p runs
th rou g h  t h e  monic i r r e d u c i b l e  p o ly n o m ia ls  i n  P £ x J ,  7 B(p )  i s  th e  
s e t  o f  v i 7  w i th  p i s j S r  -  0  f o r  some i ,  and 7 B( ^ p , p ^ ) » 7 B( p ) © 7 B(p )
( i i )  ( 7 , s )  and ( W ,t )  are  isom orphic  i n  A uto(C IP S) i f  and only  i f
SO
t h e r e  a r e  isomorphisms i n  A u to (C IP S ) :
i p : ( V 8 ( p ) f a ) ------- ^ (H t ( p ) , - t )  f o r  a l l  p w ith  p = p * ,  and
i p ! (V8 (2r p , p * i ) , a ) --------- ) ( W t ( { p , p * J ) , t )  f o r  a l l  p w ith  p /  p * f
such  t h a t  ^ ( i  ) i s  t h e  same f o r  a l l  p .P
( i i i )  F o r  p /  p * ,  t h e r e  i s  an isomorphism i s  (V8 ( " { p , P * J ) , s ) —> (W^( *{p, p J ) , t )  
w ith  ^  ( i )  = K  / 0  i f  and only i f  t h e  two o b j e c t s  a re
iso m orp h ic  i n  A u to (V S ) .
( i v )  I f  p u p f T0 (p )  s p l i t s  i n t o  an o r th o g o n a l  d i r e c t  sum o f  
n o n -d e g e n e ra te  s - i n v a r i a n t  s u b s p a ce s ;
v 8 (p )  -  v j ( p ) @  .  .  . © v ^ ( p ) ,
where i n  th e  n o t a t i o n  o f  Theorem 3 * 2 . 1 ,  V8 (p )  i s  a  d i r e c t  sum 
o f  submodules iso m orphic  t o  modules o f  th e  form f £x J/ p ( x )^f / i J .
P r o o f  ( i )  As f o r  Theorem 3 * 3 * 3 ( i )
( i i )  The n e c e s s i t y  o f  th e  c o n d i t i o n s  fo l l o w s  a s  i n  t h e  p r o o f  o f
Theorem 3 * 3 * 3 ( i i ) ,  n o t in g  t h a t  i f  i s ( V , s ) -------^ (W ,t )  i s  an isomorphism
i n  A u to (C IP S )t A ( i )  “  ^  ( i p )  w^e r e  i s t h e  r e s t r i c t i o n  o f  i  t o  th e  
a p p r o p r ia te  n o n -d e g e n e ra te  s u b s p a c e .  C o n v e rs e ly  we c a n  e a s i l y  put 
a l l  t h e  isomorphisms i^  t o g e t h e r  t o  o b t a i n  an isom orphism  f o r  th e  
d i r e c t  sum.
( i i i )  D ef in e  t h e  b a s i s  e le m e n ts
V  f j .  h e j t  and
a s  i n  t h e  p r o o f  o f  Theorem 3 . 3 . 3  ( i i i ) .  Then d e f i n e  a  l i n e a r  
isomorphism:
i * ( V 8 ( { p fP ^ ) , s ) -------- >  (Ht ( ^ p , p ^ ) , t )
by
k i e ^  = b i e ^  f o r  14^i^. and 
k ( t t ) -  K ( f ' ) / f o r  l ^ i ^ n .
A s t r a i g h t f o r w a r d  c a l c u l a t i o n  shows t h a t  k  i s  an isom orphism  i n  
A u to(C IP S) w ith  ( k )  -  K  .
SI
( i v )  W ith  a few r o t a t i o n a l  c h a n g e s ,  th e  p r o o f  o f  Theorem 3 « 3 . 3 ( i v )  
s t i l l  w o rk s .
The r e s u l t  analogous t o  Lemma 3 . 3.4  i s  a  l i t t l e  more 
c o m p l ic a te d  f o r  t h e  c a te g o r y  C1PS th a n  f o r  I P S :
Lemma 3 . 4 . 4
I f  p ( x )  i s  manic i r r e d u c i b l e  w i t h  p = p * f th e n  one o f  t h e  fo l lo w in g  
c o n d i t i o n s  must h o ld :
i t  i s  e a s i l y  v e r i f i e d  t h a t  p ( a )  -  0 ,  where a i s  any s q u a re  ro o t  o f  
, and so  we a re  reduced t o  t h e  ca s e  i n  th e  f i r s t  p arag rap h  o f  t h i s  
p r o o f .
s p e c i a l  c a s e  o f  ( o )  i f  o h a r (P )  -  2 .  I f  we s e t  " X -  1 ,  we ju s t  r e c o v e r
( a )  p (x )  -  x  — a  where a^ • A  f 
2or ( b )  p (x )  -  x ‘ where /\ i s  not a  square  i n  F ,
o r  ( o )  p (x )  » xk  + a jX k_1 + . . .  + a ^ ^ x  + A  d ,
where d eg(p) -  k -  2d i s  even and a^ -  ^ " " ^ ^ I c - i  
f o r  1 ^  i ^ . k - 1 .
Proof. I f  p (a )  -  0 ,  th en  p ( ^  /a¿) -  0  a l s o  by th e  d e f i n i t i o n  o f  p = p .  
I f  a  = A  /a f o r  some r o o t  a o f  p ,  th e n  a^ = % ,  and we must have e i t h e r  
( a )  o r  ( b )  depending on whether a ^ F  or  n o t .
O therw ise  p must have an even number o f  r o o t s ,  and so
p(x) -  xk + a^ * “1 + .  . . + a ^ x  + V
k—i  *where k  « 2d i s  ev e n .  F o r  1 ^  LjC k -1  t h e  c o e f f i c i e n t  o f  x  i n  p ■ p 
i s  a^ «  a^ and th e  c o n s t a n t  term
d e f i n i t i o n  o f  p * ( x ) .  Hence a^ -  "X* » ^ 2<i.k 2 ( k “ A 
I f  a. ■ we o b ta in  c a s e
18 a i  “  * k - i
A
^  ( c )  o f  t h e  lemma. I f  a^ -
Note F o r  f i x e d  A  , only  one o f  c a s e s  ( a )  and ( b )  may a r i s e ,  (b )  i s  a
Lemma 3 . 3 . 4
«“a.
I n  o r d e r  "to p ro cee d  f u r t h e r  i t  i s  c o n v e n ie n t  t o  c o n s i d e r  t h e  
c a s e s  ( a ) ,  ( b )  and ( c )  o f  t h i s  lemma s e p a r a t e l y .  Wa d e a l  w ith  c a s e  
( a )  f i r s t .  D e f in e  a  r a t i o n a l  f u n c t i o n  i n  P ( x )  hy
r ( x )  -  x- 0 p ( x )  -  x - 4 p * ( x )  -  x~dp ( 0 ) _ 1 x 2dp ( ^ / x )
-  x ^ p CA/x )  -  t t / x r ^ C A / x )
-  r ( ^ / x ) .
Thus f o r  ( V , s ) f  A u to(C IP S ) w ith  A ( s )  , and u , v £  V,
( r ( s ) u , v )  = ( u , r ( s ) v )  hy Lemma 3 . 4 « l ( i v ) .
W r i t e  ^  f o r  t h e  image o f  x  i n  th e  f i e l d  E » p £ x 7 / p (x )P / x j  
under t h e  n a t u r a l  map. Hence E -  P £ Ç 7 »  and
0 = p ( £ )  -  P * ( Ç )  -  p ( 0 ) - 1 C d e6 P^ ) P (^  / § ) t  and so  
p ( A / ^ )  = 0 .  Hence t h e r e  i s  a  un iq ue  automorphism, a l - * a ,  o f  E 
f i x i n g  P p o in t w is e  su ch  t h a t  ^  .  T h is  automorphism i s  not
th e  i d e n t i t y ,  ( e x c e p t  perhaps i n  c h a r a c t e r i s t i c  2 when ( b )  and ( c )  
c o i n c i d e ) ,  b u t  a «• a  f o r  a l l  a £ E .  Keeping t h i s  n o t a t i o n  we h a v e :
Theorem 3 . 4 . 5
L et p ( x )  b e  a  s e p a r a b l e  i r r e d u o i b l e  monic polynom ial o v e r  P s a t i s f y i n g  
c o n d i t i o n  ( o )  o f  Lemma 3 . 4 * 4 .  We u s e  th e  n o t a t i o n  o f  Theorem 3 . 4 . 3 ( i v ) .  
The v e c t o r  s p a ce  Hd( p )  = Vd(p ) / p ( s ) V i (p )  over E ad m its  a  unique8 S 8
n o n -d e g e n e ra te  s e s q u i l i n e a r  form over E s a t i s f y i n g
( i )  t " ( v ) , ( u ) >  -  e  < ( * ) , ( v ) >
( i i )  t r a c a ^ p ^ i u ) , ^ ) ^  -  ( u , r ( s ) i _ 1 v )  f o r  u , v € v d( p ) ,  
where (u )  d e n o te s  t h e  e q u iv a le n c e  c l a s s  o f  th e  v e c t o r  u  i n  th e  q u o t ie n t  
s p a c e .  The isomorphism c l a s s  o f  (Ve ( p ) , s )  i n  A u to(C IP S ) d eterm in es  
th e  e q u iv a le n c e  c l a s s  o f  th e  s e s q u i l i n e a r  space  Hd(p )  up t o  
m u l t i p l i c a t i o n  o f  K  ,  ^  by e le m e n ts  o f  P .  (The same e lem ent o f  P
must be  u s e d  f o r  e a ch  i ) .
p ro o f  The p r o o f  o f  Theorem 3 * 3 . 5  g oes  through w ith  a few minor 
m o d i f i c a t i o n s .  The l a s t  two s e n t e n c e s  a re  e a sy  t o  p r o v e .
i 3
C o r o l l a r y  3 . 4 . 6
Suppose t h a t  c h a r ( F )  / 2 ,  and t h a t  we have conform al e q u iv a le n c e s
O ^ s H ^ p ) -----> H * ( p )  f o r  a l l  i  such  t h a t  ( o ^ u )  . C X ^ v ) )  = K ( ( u ) , ( v ) ^
f o r  a l l  a p p r o p r i a t e  ( u ) , ( v )  and i  w i th  K  a f i x e d  n o n -z e ro  elem ent
o f  F .  Then t h e r e  i s  an isomorphism w j(V 8 ( p ) , s ) -------- ^ (Wt ( p ) , t )  i n
A u to(C IP S) w i t h  A (w )  = K  .
P r o o f  The method used t o  prove  C o r o l l a r y  3 . 3 . 6  i n  th e  or th og o n a l  
c a s e ,  ( £ =  1 ) ,  g iv e s  t h e  d e s i r e d  r e s u l t  h e r e .  He must r e p l a c e  t h e  
p o ly n o m ia ls  i n  th e  v a r i a b l e  x+x~* by p o ly n o m ia ls  i n  th e  v a r i a b l e  
x  +  A x " 1 .  F o r  each  V8 (p )  we may c o n s t r u c t  a b a s i s  w ith  r e s p e c t  t o  
w hich  th e  m a t r i x  o f  in n e r  p ro d u c ts  depends l i n e a r l y  on th e  c o n s t a n t s  
o ^ , . . . f ar  d e r iv e d  from an o r th o g o n a l  b a s i s  o f  H8 ( p ) .  ( " l i n e a r l y "  means 
" F —l i n e a r l y "  h e r e ) .  S i m i l a r l y  we may c o n s t r u c t  a  b a s i s  o f  H^(p) w i th  
r e s p e c t  t o  w h ich  th e  m a tr ix  o f  in n e r  p ro d u c ts  depends l i n e a r l y  on 
K c , , . . . , K c  • The obvious mapping d e f in e d  on t h e s e  b a s e s  has a l l  
t h e  r e q u ire d  p r o p e r t i e s .
The r e d u c t i o n  o f  t h e  s y m p le o t i c  c a s e ,  ( €  “ —1)»  t o  th e  
o r th o g o n a l  c a s e ,  ( &  -  1 ) ,  may b e  a c h ie v e d  by d e f in i n g  a new 
symmetric i n n e r  produ ct on VB(p )  by
u . v  -  ( ( s - A s - 1 ) u , v ) ,  
and c o n t in u in g  as  f o r  C o r o l l a r y  3 . 3 . 6 .
Now we r e t u r n  t o  th e  c a s e s  ( a )  and ( b )  o f  Lemma 3 . 4 . 4 ,  and 
f i n d  t h a t  b o t h  may be t r e a t e d  by t h e  methods o f  Theorem 3 . 3 . 8 .
Theorem 3 . 4 . 7
L e t  p ( x )  be a  monic i r r e d u c i b l e  p o ly n o m ia l  s a t i s f y i n g  ( a )  o f
Lemma 3 . 4 . 4 .  He u se  t h e  n o t a t i o n  o f  Theorem 3 . 4 « 3 ( i v ) .  L et 
D -  s  s“ 1 .  The v e c t o r  sp a ce  U8 ( p )  -  V8 (p )/ p (s )V 8 (p )  over F 
ad m its  a  n o n -d e g e n e ra te  b i l i n e a r  form ^ ( u ) , ( v ) ^  d e f in e d  by
-  (Di - 3 u . v ) ,
f t *
and s a t i s f y i n g  ^ ( v ) , ( u ) ^  -  ( - l ) i - 1 £  < ^ ( u ) , ( v ) >  .  (We assume
t h a t  c h a r (p )  / 2 ) .  I f  we a r e  g iven  oonform al e q u iv a le n c e s
O q r U ^ p ) ------- >U*(p) f o r  a l l .  i  such t h a t  < 0 ^ 0 0 ,  C X ^ v ^  -  K < ( t t ) » ( v ) >
f o r  a l l  a p p r o p r ia te  ( u ) , ( v )  and i  w ith  K  a  f i x e d  n o n -z e ro  element 
o f  F ,  th e n  t h e r e  i s  an isomorphism w:(V a ( p ) , s ) — ^(W t ( p ) , t )  i n  
Auto(CIPS) w ith  A ( * )  -  K *
P r o o f  I f  p (x )  s a t i s f i e s  ( a )  o f  Lemma 3 . 4 . 4 ,  "the method o f  p ro o f  o f  
Theorem 3 . 3 . 8 ,  (which i s  i t s e l f  an e a sy  v e r s i o n  o f  th e  p ro o f  o f  
Theorem 3 . 3 . 5  and C o r o l l a r i e s  3 . 3 . 6  and 3 . 3 * 7 ) »  “ ay he m odified  i n  
an obvious way t o  y i e l d  t h e  d e s i r e d  r e s u l t .
Case ( b )  o f  Lemma 3 . 4 . 4  s h a r e s  c h a r a c t e r i s t i c s  o f  b o th  ( a )  
and ( c ) ,  and may be t r e a t e d  by a  m ixture  o f  t h e  methods used f o r  
them . Let E = F fx 7 / ( x 2- , ^  ) F f x 7 , where A i s  n o t  a  square  i n  P ,  and 
l e t  £  be th e  image o f  x  i n  E under th e  n a t u r a l  map. E has an 
automorphism , a l - ) ! ,  f i x i n g  P p o in tw is e  and su ch  t h a t  g  -  .
With t h i s  n o t a t io n  we h a v er
Theorem 3 . 4 . 8
L et  p ( x )  be monic i r r e d u c i b l e  and s a t i s f y  ( b )  o f  Lemma 3 . 4 . 4 .  Wa 
u s e  t h e  n o t a t io n  o f  Theorem 3 . 4 . 3 ( i v ) .  L e t  D ■ s  ^ p (s)  -  s — ^ s  \
The vector space Ha (p )  -  Va (p )/ p (s )V a (p )  ov er  E admitB a unique 
non-degenerate sesquilinear form ^ ( u ) , ( v ) ^  over E satisfying
( i )  < ( v ) , ( u ) >  -  ( - l ) i_ 1 f  < ( u ) , ( v ) >
( i i )  t r a c e EyF ^ ( u ) f ( v ^  -  (u ,D i - 1V ) f o r  u , v ? V a ( p ) ,
where (u )  d en otes  th e  e q u iv a le n c e  c l a s s  o f  t h e  v e c t o r  u i n  th e  
q u o t ie n t  s p a c e .  (We assume t h a t  c h a r ( P )  / 2 ) .  The isomorphism 
c l a s s  o f  (STs ( p ) , s )  i n  A u to(C IP S) d eterm in es  t h e  e q u iv a le n c e  o l a s s  o f  
t h e  s e s q u i l i n e a r  sp a ce  Ha (p )  up t o  m u l t i p l i c a t i o n  o f  ^  }  by
e lem en ts  o f  F .  (The same element o f  P must b e  used f o r  each i ) .
I f  we a re  g iven  co n fo rm a l e q u iv a le n c e s  c ^ s H ^ p ) ------- ^ H*(p) f o r
y y
a l l  i  such  t h a t  ( o f ^ ( u ) , O f ^ v ) ^  = k  ^ ( u ) , ( v ) ^  f o r  a l l  a p p r o p r i a t e
( u ) , ( v )  and i  w ith  /<" a  f i x e d  n o n -z e ro  e lement o f  F ,  th e n  t h e r e  i s
an isomorphism w :(V g ( p ) , s ) -------- ^(Wt ( p ) , t )  i n  Auto(CXPS) w i th  ?k(w) = K  •
P r o o f  S i n c e  a h a r ( F )  fl 2 ,  t h e  automorphism o f  E i s  n o t  t h e  i d e n t i t y .
The e x i s t e n c e  and u n iq u e n e ss  o f  k. ,  ^  may he proved a s  i n  t h e  p r o o f
o f  Theorem 3 . 3 . 5 »  ( S i n c e  c h a r ( F )  /  2 ,  t h e  s e p a r a b i l i t y  o f  t h a  f i e l d
e x t e n s i o n  E ov er  F  i s  g u a r a n te e d .  I n  f a c t  every  e le m e n t  o f  E may he
w r i t t e n  u n iq u e ly  as  a + h ^  w i t h  a , h € F ,  and t h i s  e lem en t  has t r a c e  2 a ) .
I n  o rd e r  t o  prove t h e  r e s t  o f  t h e  theorem , we i m i t a t e  th e
p r o o f  o f  C o r o l l a r y  3 * 3 . 6 ,  h u t  we do not need t o  c o n s i d e r  t h e  c a s e s
£  = 1 and £  = - 1  s e p a r a t e l y .  He t a k e  an o r th o g o n a l  b a s i s  ( u ^ ) , . . . ,
(u  ) o f  H*(p) w i th  ( { u  ) ,  ( u . ) ^  ■ c .  = a . ,  a  n o n -z e r o  elem ent o f  F .
r  s 3 3 3 3
C h oosing  an a r b i t r a r y  r e p r e s e n t a t i v e  u^ o f  ( u ^ ) ,  we r e p l a c e  i t  by 
U1 “ U1 + a ( B)®ui  where a ( x )  i s  a  l i n e a r  polynom ial i n  f £ x J .  U sing  
th e  methods o f  C o r o l la r y  3 . 3 . 6 ,  we e v e n t u a l l y  show t h a t  t h e  r e p r e s e n t a t i v e  
u^ could, have b ee n  chosen  s o  t h a t
( s V u ^ u , )  - 0 for k = 0,1 and O^j / i—1,
-  t r a o o E/F ( f k° 1 ) » ( “ 1 ) 1 -1  0 = i - 1 »
UBing t h e  b a s i s  w ith  e le m e n ts  s ^ D " ^  f o r  F j s j u ^ ,  we do not need t o  
c o n s i d e r  p o ly n o m ia ls  i n  t h e  v a r i a b l e  i + A x ' \  and we may com plete  th e  
p r o o f  i n  th e  same way a s  C o r o l l a r y  3 . 4 * 6 .
iTfe
3»5- C on ju gacy  c l a s s e s  i n  th e  u n i t a r y  groups
Let P be a f i e l d  w ith  a n  automorphism, O^ia»—> a ,  su ch  t h a t
2
q - m i d e n t i t y .  Let  = HPS b e  th e  c a t e g o r y  whose o b j e c t s  a r e
f i n i t a  d im en sion al  v e c t o r  s p a c e s  V ov er  P on which i s  d e f in e d  a 
n o n -d e g e n e ra te  s e s q u i l i n e a r  fo rm  ( ,  ) such  t h a t  ( v , u )  ■■ ( u , v )  f o r  
a l L  u and v  i n  V . A morphism s tV _ * W  i n  HPS i s  an F - l i n e a r  map 
such  t h a t  ( s u , s v )  = ( u , v )  f o r  a l l  u and v i n  V. (The same symbol 
( ,  ) i s  used f o r  th e  s e s q u i l i n e a r  form on e a c h  V. T h is  shou ld  not 
c a u se  c o n f u s i o n ) .  He could d i s c u s s  t h e  co n ju g a cy  c l a s s e s  i n  th e  
group A ut(V ) -  U (V ) ,  th e  u n i t a r y  group o f  V, i n  th e  same way as in  
3 . 3 ,  b u t  t h i s  would r e q u i r e  y e t  a n o th e r  r e p e t i t i o n  o f  th e  arguments 
o f  3 . 3  and 3 . 4 *  (A uniform p r o o f  a lo n g  t h e s e  l i n e s  d e a l i n g  w ith  th e  
o r th o g o n a l ,  s y m p le c t ic  and u n i t a r y  c a s e s  s im u lta n e o u s ly  i s  sk e tch ed  
i n  C h a p te r  IV, s e c t i o n  2 o f  t h e  a r t i c l e  on co n ju g a cy  c l a s s e s  by 
T .A .  S p r i n g e r  and R . S t e i n b e r g  i n  "S e m in a r  on A l g e b r a i c  Groups and 
R e l a t e d  F i n i t e  Groups"’, L e c t u r e  Notes i n  M athem atics  1 3 1 ,  S p r in g e r  
V e r l a g ,  1 9 7 0 ) .  The oon jugacy  c l a s s e s  a r e  found t o  depend on th e  
e q u iv a le n c e  c l a s s e s  o f  s e s q u i l i n e a r  s p a c e s ,  n on e  o f  which a r e  
P - b i l i n e a r .  I f  P i s  a  f i n i t e  f i e l d  t h e  e q u iv a le n c e  c l a s s  o f  such 
a non—d e g e n e ra te  s e s q u i l i n e a r  space  i s  c o m p le te ly  determ ined by i t s  
d im e n s io n .  In  t h i s  c a s e  we may prove t h e  f o l l o w in g  r e s u l t s  which a re  
q uoted  from G .E .  H a l l :  "On t h e  co n ju g a cy  c l a s s e s  i n  th e  u n i t a r y ,  
s y m p l e c t i c  and orthog onal  g r o u p s " ,  J .  A u s t r .  Math. S o c . ,  v o l .  3 ( 1 9 6 3 ) .
Theorem 3 . 5 . 1
2
L et  P ■ P , th e  f i n i t e  f i e l d  w i th  q -  r  e le m e n ts  and l e t  V € H P S .
q ’
L et a*— > a  be th e  automorphism o f  P g iv e n  by  »  »  a r  f o r  a l l  a  C  P .  
G iven g ( x )  -  xm+a1xm“ 1+ . . .+ amC  F & J  w ith  g ( 0 )  -  a^ / 0 ,  d e f i n e  another  
such  po ly no m ial  by
g * ( x )  -  g ( 0 ) - 1 xdeg( e ) g ( l / x )  -  (
Then
« "7
( i )  Two e le m e n ts  s and t  a r e  c o n ju g a te  i n  U(V) i f  and on ly  i f  th e y  
a r e  c o n ju g a t e  i n  t h e  l a r g e r  group G L (V ).
( i i )  An e lem ent s o f  GL(V) i s  c o n ju g a te  i n  GL(V) t o  some e lem en t  o f  
t h e  subgroup U(V) i f  and only  i f  f o r  every  monic i r r e d u c i b l e  p 
t h e  sequence ( n 1 , . . . fnk ) o f  Theorem 3 . 2 . l ( i v )  i s  t h e  same f o r  
Vb ( p ) and V8 ( p * ) .
F o r  th e  r e s t  o f  3 . 5  we assume t h a t  F  -  F i s  t h e  f i n i t e  f i e l d
Q
2
w ith  q = r  e le m e n ts ,  t h a t  t h e  automorphism o f  F i s  a s  d e s c r i b e d  i n  
Theorem 3«5«1» and t h a t  V €  HPS w ith  dim^V = n .
P r o p o s i t i o n  3 . 5 . 2
/U(V)/ = r N( r +l ) ( r 2- l ) ( r 3+l )  .  .  .  ( r n- ( - l ) n )
where N «■ n ( n - l ) / 2
P ro o f  S e e  ( f o r  example) L .E .  D ick so n : L in e a r  Groups, L e i p z i g ,  1 9 0 1 .
B e f o r e  s t a t i n g  and p ro v in g  th e  r e s u l t  analogous t o  
Theorem 3 . 2 . 5  f o r  "the u n i t a r y  groups, we must i n v e s t i g a t e  t h e  p o s s i b l e  
e ig e n v a l u e s  o f  e le m e n ts  o f  U (V ) .
Lemma 3 . 5 . 3
I f  g ( x )  i s  a  monic p o lynom ial w ith  g ( 0 )  /  0 ,  and f  i s  a  r o o t  o f  g ,
#
i s  a  r o o t  o f  g  •
*/ *P r o o f  T h i s  i s  immediate from th e  d e f i n i t i o n  o f  g ( x )  and from th e  
i d e n t i t y :
g ( * ) r  -  5 ( * r )»
where t h e  p o lynom ial g i s  o b ta in ed  from g by apply in g  t h e  f i e l d  
automorphism t o  i t s  c o e f f i c i e n t s .  ( r  i s  a  power o f  t h e  c h a r a c t e r i s t i c  
o f  F ) .
5"8
P r o p o s i t i o n  3 . 5 . 4
Let p ( x )  = p * ( x )  he a  monic i r r e d u c i b l e  p o ly n o m ia l  i n  F { x J  o f  d e g r e e  
i .  L et  |  be »  r o o t  o f  p and J  be a g e n e r a t o r  o f  t h e  ( o y c l i a )  
m u l t i p l i c a t i v e  group o f  F £ £ 7 » "the f i n i t e  f i e l d  w ith  q *  e le m e n ts .  
Suppose t h a t  ^ R.  Then
( i )  d e g (p )  °  i  i s  odd
( i i )  a  i s  an i n t e g r a l  m u l t i p l e  o f  r ^ - 1
( i i i )  F o r  each odd i n t e g e r ,  1 ,  i t  i s  p o s s i b l e  t o  choose  a monic 
i r r e d u c i b l e  p o ly n o m ia l  p ( x )  = p * ( x )  o f  d egree  i ,  a  r o o t  ^  °^ 
p ,  and a g e n e r a t o r  ^  o f  th e  m u l t i p l i c a t i v e  group o f  F C $ ]  w i th
2p « ^ a and a = r * —1L.
« 3 p
-  \  i s  a l s o  a  r o o t  o f  p ,  and s o  i s
b  b
equ al t o  ^  q m '^ a*l f o r  some i n t e g e r  b by th e  G a lo i s  t h e o r y  o f  
f i n i t e  f i e l d s .  S i n c e  t h e  m u l t i p l i c a t i v e  group o f  f C § 3 i s  c y c l i o  o f  
order q * —1 and J  i s  a  g e n e r a t o r ,  we have t h e  congruences- 
—a r  £  aq^5 mod(q^—1)
i . e .  a ( r 2 t + r )  £  0
Hence a ( r 2 t “ ^ + l )  £  0
mod(q*—1)
2 i  2 2 imod(r —1 )  s i n c e  q -  r  and ( r , r  —!)« ■ ! .
21^“ 1 g  j
T h is  means t h a t  a ( r  —"+ 1 )  i s  d i v i s i b l e  by r  - 1 ,  and so  a must be
d i v i s i b l e  by ( r 2 i - l ) / ( r 2 i - l , r 2b_1+ l )  -  ( r 2 i - l ) / ( r ^ 2 b - 1 , 2 i ^+l) by
P r o p o s i t i o n  1 . 1 . 3 ( i v ) .  Thus a  must be d i v i s i b l e  by
( r ^ - l K r ^ + l J / t r ^ 2^- ^ * ^ + 1 ) .  I f  i  i s  even , t h e  denom inator o f  t h i s
f r a c t i o n  d iv id e s  r^ —1 by P r o p o s i t i o n  1 . 1 . 3 ( i v ) ,  and s o  a  i s  a  m u l t i p l e
o f  r * + L .  T h is  i m p l i e s  t h a t  ^  m "S & s a t i s f i e s  ^  r  *  -  ^  q l t
i/2so t h a t  F C 5 7  i s  c o n t a in e d  i n  th e  f i e l d  w ith  q '  e le m e n ts ,  c o n t r a d i c t i n g  
th e  d e f i n i t i o n  o f  i .  Hence i  i s  odd and we have proved ( i ) .
( i i )  now f o l l o w s  im m ediately  s i n c e  i f  i  i s  odd, t h e  denom inator 
r ( 2 b - l , i ) + j  d iv i a e s  y i + i  by P r o p o s i t i o n  1 . 1 . 3 ( i i i ) t and so  a  must be 
d i v i s i b l e  r * —1 ,  a s  r e q u i r e d .
L e t  £  be a  g e n e r a t o r  o f  th e  c y c l i c  m u l t i p l i c a t i v e  group o f  
th e  f i e l d  w ith  q *  e le m e n ts  w i th  i  odd. L e t  ^  So f  has
m u l t i p l i c a t i v e  o rd er  ( q ^ - l j / i r ^ - l )  = r i + l .  F o r  j  K. i ,  we have 
( r ^ + l , q ' ' - l )  »  ( r ^ + l , r ^ ' ' - l )  K. r * + L  by P r o p o s i t i o n  1 . 1 . 3 ( i v )  and 
i n s p e c t i o n ,  s in c e  r > l .  Thus ^  i s  not c o n ta in e d  i n  any p ro p er  
s u b f i e l d  o f  th e  f i e l d  w ith  q* e le m e n ts ,  and s o  i t s  i r r e d u c i b l e  
po ly no m ial  over F has  d e g r e s  i .
To com plete t h e  p ro o f  o f  ( i i i )  i t  i s  enough t o  show t h a t
O;
^  -  *< f o r  some i n t e g e r  o .  So we must show t h a t  t h e r e  i s  a
s o l u t i o n ,  , o f  th e  congruence
qC: 5  —r  m o d ( r * + l ) ,
2c i
i . e .  r  +r S  0  mod(r +1)
i . e .  r ( r 2 c_1+ l )  ^  0 mod(ri + l ) .
i  i s  odd by h y p o th e s i s ,  and so  we may choose  c  so  t h a t  i  = 2c—1 .  
T h i s  com pletes  th e  p r o o f  o f  ( i i i ) .
Theorem 3 . 5 . 5
p
L e t  F = Fq be th e  f i n i t e  f i e l d  w ith  q = r  e le m e n ts ,  and l e t  V^HPS 
w ith  dim^V -  n .  Let  S be th e  s e t  o f  i n t e g e r s ,  k ,  such t h a t  s and 8 
a r e  co n ju g a te  f o r  a l l  b E  0 ( V ) ,  Then
( i )  i f  n  • 1 ,  S i s  t h e  s e t  o f  i n t e g e r s ,  k ,  w i th  k a 1 m o d (r t l )
( i i )  i f  n ^ l ,  S i s  t h e  s e t  o f  i n t e g e r s ,  k ,  such t h a t
a
k » q 1 m o d ( r + l )  f o r  odd i^C n T
a . . Vwhere a . , . . . , a  are in te g e rs
k s  ( - r )  m o d ( r - l )  f o r  even i^ !n  J
( k ,q )  -  1 .
P r o o f  We u se  th e  methods o f  Theorem 3 . 2 . 5 *  L et  s £ U ( V )  and l e t  p (x )  
b e  a f a c t o r  o f  i t s  c h a r a c t e r i s t i c  p o ly n o m ia l .  By Theorem 3 « 5 « l ( i i ) i  
p * ( x )  i s  a l s o  a f a c t o r .  By Lemma 3 « 5«3 , we s e e  t h a t  i f  §  i s  an
a
e ig e n v a lu e  o f  b ( i n  some a l g e b r a i c  e x te n s io n  o f  F ) ,  th e n  so  a re  
_  a
and £  ~rq  f o r  a l l  i n t e g e r s  a ^ , 0 .  No o t h e r  r e s t r i c t i o n s  a r e  placed  
on th e  rem ain ing  p o s s i b l e  e ig e n v a lu e s  by Theorem 3*5«1*
I f  p ( x )  i s  monic i r r e d u o i b l e  w ith  p / p , we must have 
S d e g i p ) ^  n f o r  i t  t o  be a p o s s i b l e  f a c t o r  o f  th e  c h a r a c t e r i s t i c
LO
p o ly n o m ia l  o f  some- e lem ent o f  U(V), and so  e v e ry  p o ly n o m ia l  o f  degree
l é s é  th a n  or equ al  t o  in  over P may a r i s e  a s  a f a c t o r  o f  th e
c h a r a c t e r i s t i c  p o lynom ial o f  some element o f  U (V ) .  I f  2 j ^ n ,  and
j  2 j
i s  a g e n e r a to r  o f  t h e  m u l t i p l i c a t i v e  group o f  t h e  f i e l d  w ith  q = r
e le m e n t s ,  t h i s  shows t h a t  ^  iB  a p o s s i b l e  e ig e n v a l u e  o f  some s € ü ( V ) .
By th e  remarks i n  th e  l a s t  p arag rap h , i f  k £ S ,  t h e n  
, a  a
J  o ^  q or  J  - r q  f o r  some p o s i t i v e  i n t e g e r  a .
q Op 4
Hence k  5 q = ( —:r )  mod(qJ —1) by th e  method o f  Theorem 3 * 2 . 5 ,
o r  k  -  - r q a  = ( - r ) 2a+1 m o d (q ^ -l ) .
T h i s  g iv e s  r i s e  t o  t h e  second congruence i n  th e  s ta te m e n t  o f  th e  
th e o re m .
I f  p -  p * ,  P r o p o s i t i o n  3 » 5 * 4 i and th e  same methods y i e l d  th e  
f i r B t  co n g ru e n ce .  The c la im  t h a t  ( k , q )  = 1 f o l l o w s  from P r o p o s i t i o n  
3 . 5 * 2  f o r  n ^ l  s i n c e  k  must be prime t o  th e  o rd e r  o f  U (V ).
C o n v e rs e ly ,  i f  k  s a t i s f i e s  th e  g iven  c o n d i t i o n s ,  i t  i s  e a sy  
t o  s e e  t h a t  k iB  prime t o  t h e  order o f  every  e le m e n t  o f  U(V) by 
P r o p o s i t i o n  3 . 5 . 2 ,  and t h a t  f o r  s £ u ( V ) ,  s and sk  must be  c o n ju g a te  
i n  GL(V) by th e  argument i n  th e  l a s t  two p a ra g ra p h s  o f  t h e  p r o o f  o f  
Theorem 3 . 2 . 5 *  Hence th e y  a r e  co n ju g a te  i n  U(V) b y  Theorem 3 * 5 * l ( i ) *  
T h i s  p ro v es  ( i i ) .  ( i )  i s  a  very  easy  s p e c i a l  c a s e .
C o r o l l a r y  3 . 5 . 6
The s e t  S o f  Theorem 3 - 5 * 5 ( i i )  i s  the Bet o f  i n t e g e r s  k suoh t h a t  
a i  i  ik S ( - r )  1 mod(r - ( - 1 )  ) f o r  some i n t e g e r s  a^  ^ and 1 ^ 1 {  n, 
( k , q )  -  1
P r o o f  The l a s t  paragraph o f  th e  p ro o f  o f  P r o p o s i t i o n  3 * 5 * 4  showed t h a t  
f o r  odd i  t h e r e  i's an i n t e g e r  o w ith  q °  •  - r  m o d ( r * + l ) .  R e p la c in g  
( - r )  1 by qc+ ( a i - 1 )/ 2 when b o th  i  and a r e  odd shows t h a t  th e  two
s e t s  o f  congruences  a r e  e q u iv a le n t
S e c t i o n  4 C a l c u l a t i o n  o f  t h e  F i e l d s  G e n e ra te d  by t h e  V alues  of
4 J .  The g e n e r a l  l i n e a r  and u n i t a r y  groups over  f i n i t e  f i e l d s
We w ish  t o  apply th e  th e o r y  d e s c r i b e d  i n  S e c t i o n  2 t o  th e  
groups whose oon jugacy  c l a s s e s  have b ee n  d e s c r i b e d  i n  S e c t i o n  3 .  We 
u se  most o f  t h e  number th e o r y  d e s c r ib e d  i n  S e c t i o n  1 ,  and prove 
more such r e s u l t s  as  we need them. There  a r e  s t r i k i n g  s i m i l a r i t i e s  
betw een th e  r e s u l t s  f o r  th e  g e n e r a l  l i n e a r  and t h e  u n i t a r y  groups 
d e f in e d  over f i n i t e  f i e l d s .  F o r  t h i s  r e a s o n  we t r e a t  th e  two c a s e s  
t o g e t h e r .
a  prime number, and l e t  T be a v e c t o r  s p a ce  o f  d im ension  n over F .  
Lemma 4 . 1 . 1
The exponent o f  th e  group GL(V) i s
where o ^ l  i f  and only  i f  n > l .  ( i n  f a c t  i t  i s  not hard t o  show t h a t  
f o r  n > l ,  c  ■ 1 + lo g  ( n - 1 ) ) .
P r o o f  I f  sm -  i d e n t i t y  f o r  a l l  a £ G L ( V ) ,  th e n  = 1 f o r  a l l
i r r e d u  c i b l e  polynom ial o f  d eg ree  l e s s  t h a n  n+1 ca n  be a  f a c t o r  o f  
t h e  c h a r a c t e r i s t i c  polynom ial o f  some e lem ent o f  G L (V ).  Hence m i s
any elem ent o f  GL(V) r a i s e d  t o  t h i d  power h a s  a l l  i t s  e ig en v a lu es  
e q u a l  t o  1 by th e  same argument. I f  some t £ G L ( V )  has  a l l  i t s  
e ig e n v a lu e s  e q u a l  t o  1 ,  th e n  t - i d e n t i t y  ■■ t - I  has a l l  i t s  e ig e n v a lu e s  
e q u a l  t o  0 ,  and so  i s  n i l p o t e n t .  U sing t h e  b in o m ia l  theorem t o  expand
t h e  C h a ra c te rs  o f  th e  F i h i t e  C l a s s i c a l  Groups
, • .  • ,q[n- 0
p o s s i b l e  e ig e n v a lu e s  ^  o f  e lem ents  o f  G L ( 7 ) .  T h i s  im p l ie s  th a t  
m i s  a  m u lt ip le  o f  q * - l  f o r  each  i  betw een 1 and n ,  s i n c e  every
a  m u l t i p l e  o f  t h e i r  l e a s t  common m u l t i p l e :  / J j -1 ,• . . , qn- ] J  .  However» • • • t
t k  -  ( l + ( t - I ) ) k , i n  powers o f  t - I ,  we f i n d  t h a t  f o r  k  a  s u f f i c i e n t l y  
h ig h  power o f  p ,  p d iv id e s  a l l  t h e  b in o m ia l  c o e f f i c i e n t s f o r
which ( t - l ) *  ^ 0 .  T h is  proves  t h a t  m has th e  g iv e n  form . The 
a s s e r t i o n  about when c ^  1 fo l l o w s  by i n s p e c t i o n ,  o r  from 
P r o p o s i t i o n  3 . 2 . 4 .
P r o p o s i t i o n  4 . 1 . 2
The s e t  o f  s im u lta n e o u s  congruences
a i  <
k S  q mod(q —1 )  f o r  some i n t e g e r  a^ , f o r  n
o f  P r o p o s i t i o n  3 . 2 . 5  i s  e q u iv a le n t  t o  th e  s i n g l e  congruence
k s  qa mod( ( ] q - l , q ^ - l ,  .  . .  , q n- ^  ) f o r  some i n t e g e r  a .
P r o o f  By Theorem 1 . 1 . 2  th e  s im u lta n eou s  con g ru en ces  have a s o l u t i o n  i f  
a .  a  . . .
and on ly  i f  q 1 S  q J  mod((q - l , q  - 1 ) )  f o r  a l l  i  and j ,  
i . e .  q *  = 1  mod(q^i , ; ^ - l )  by P r o p o s i t i o n  1 . 1 . 3 ( i i )
i . e .  a i - a j  “ 0  raod( ( i « j ) )  i n s p e c t i o n .
By Theorem 1 . 1 . 2 ,  a g a i n ,  t h i s  happens i f  and on ly  i f  t h e r e  i s  an
a a i  ii n t e g e r  a w ith  a a a^ m od(i)  f o r  l ^ i ^ n .  Then q » q mod(q —1 )  f o r  
l 4 > i $ n  by i n s p e c t i o n .  The r e v e r s e  i m p l i c a t i o n  i s  t r i v i a l .
C o r o l la r y  4 . 1 . 3
I n  th e  n o t a t i o n  o f  2 . 1  w ith  m a s  in  Lemma 4 . 1 . 1 »  r w »  i s  th e
subgroup G ©  G„ o f  (z/mz) where G c o n s i s t s  o f  th o se  k g (Z/mZ)ram F r  ' ram
such t h a t  k *  1 m o d ( £ q - l , . . .  , q ”- l 3 ) and 0 ^  i s  t h e  c y c l i c  group 
g e n e r a te d  by th e  unique kÇ(z/mZ) such t h a t
k a 1 mod(pC) and k s  q mod(¿ ^ - 1 , . . . , q n- ] ]  ) .
(Compare w ith  Theorem 1 . 3 . 5 )
P r o o f  T h is  i s  immediate from Theorem 3 . 2 . 5 i  Lemma 4 . 1 . 1  and th e  
p r e c e d in g  p r o p o s i t i o n .
C o r o l l a r y  4 . 1 . 4
Qq (G L(V ))  -  Qq.
Hence a l l  th e  i r r e d u c i b l e  c h a r a c t e r s  o f  GL(V) t a k e  v a lu e s  i n  th e  r i n g  
o f  W itt  v e c t o r s  W(Fq) ,
P r o o f  Immediate from C o r o l l a r y  4 * 1 . 3  and Theorem 2 . 2 . 2 .
Note In  f a c t  Qp(OL(V)) »  Q^, a s  can he see n  u s i n g  Theorem 2 . 2 . 2  t o  
show t h a t  QyiGLiV)) /  f o r  any p ro p er  f a c t o r  r  o f  q .
Now we examine e x t e n s i o n s  o f  th e  r a t i o n a l  numbers.
Theorem 4 . 1 . 5
Q (G L(V )) -  Q(q - i / T w - V n '1 • • • « ( ’ " - i / T ) "  
where Q C i ^ "  ) q d en o te s  t h e  s u b f i e l d  o f  Q(^/ 1 ) f i x e d  p o in tw is e  by 
t h e  automorphism sen d in g  w t o  wq whenever w“' = 1 .
P r o o f  A p ply ing  Theorem 2 . 2 . 1  w ith  m a s  i n  Lemma 4 * 1 * 1  and n = p Cm, 
t o  th e  s i t u a t i o n  o f  C o r o l l a r y  4 * 1 * 3 ,  we see  t h a t
Q(GL(V) )  = Q(^/~T*)q where N -  [q - 1 ,q2- l , . . . , q “- l | , (w here o f  
c o u rs e  n now means dim^V). ( i n  th e  n o t a t io n  o f  Theorem 2 . 2 . 1 ,  i t  i s  
e a sy  t o  s e e  t h a t  K e r ( f  . ») i s  j u s t  t h e  subgroup
mt\rai
Gyam, and t h a t  f^  n ^ ( P ( G ) )  i s  t h e  c y c l i c  group g e n era ted  by 
q i n  (z/N Z)*) .
We p rove  by in d u c t i o n  on n t h a t  Q ( > / l ) y i s  equal t o  t h e
compo8itum o f  f i e l d s  i n  t h e  s ta te m e n t  o f  th e  th eo rem . T h is  i s
t r i v i a l  f o r  n -  1 .  Suppose i t  t r u e  f o r  a l l  i n t e g e r s  l e s s  th a n  n.*
Let L -  Q (V ~ 1~ )» K -  Q(q - y " T  ) and M -  E q - l,q 2- l , . . . rqn" 1- i l  ,  so 
___ n -1  .
t h a t  L -  Q( q“ V T .......... q T T  ) .  Then th e  o r d e r  o f  q r e s t r i c t e d  t
K i s  n ,  and t h e  o rd e r  o f  q r e s t r i c t e d  t o  L i s  £ 1 , 2 , . . . ,n -T J  by 
i n s p e c t i o n .  L/'VK c o n t a in s  t h e  ( q ^ , n ^ - l )^ ^  r o o t s  o f  u n ity  f o r  
l ^ i ^ ! n - l  by P r o p a s i t i o n  1 . 2 . 3  and P r o p o s i t i o n  1 . 1 . 3 ( i i ) .  Hence th e  
r e s t r i c t i o n  o f  q t o  L tYK has  o rd er  a t  l e a s t  £ ( l , n ) , ( 2 , n ) , . . , ( n —l , n ) ^  
By C o r o l la r y  1 . 2 . 6  and P r o p o s i t i o n  l . l . l ( i v ) ,  t h i s  shows t h a t  
(L K )q -  LqKq .  The i n d u c t i o n  h y p o th e s is  shows t h a t  Lq has t h e  d e s i r e d
form

«.S'
( - r ) a = ( - r )  *  mod(ri - ( - l ) i ) f o r  1 ^  n .
P r o p o s i t i o n  4 . 1 . 8
2 2^ j
I f  q ■ r  = p where p i s  a prime number, th e  exponent o f  th e  group 
U(V) i s  m = pd ( r + l , r 2—1 ,  . .  * , r n- ( - l ) nJ  and d ^  1 i f  and only i f  n ^ l .  
With t h i s  v a lu e  o f  m, H  (ü (V ) )  i s  th e  subgroup Grajn®  ° f  (z/mZ) 
where Gram c o n s i s t s  o f  th o se  k = 1 m o d (fr+ l ,  . . .  , r n- ( - l ) ^ ] ) ,  and Gp 
i s  t h e  c y c l i c  group g e n e ra te d  by th e  unique k £ (z / m Z )  such t h a t  
k  £  1 mod(pd) and k 3 - r  m o d ( £ r + l , . . . , r n- ( —l ) ^ f ) .
P r o o f  The v a lu e  o f  t h e  exponent may be found by t h e  method used i n  
Lemma 4 * 1 * 1 ,  u s in g  r e s u l t s  on th e  p o s s i b l e  e ig e n v a lu e s  o f  e lem ents  
o f  U(V) from th e  p r o o f  o f  Theorem 3 *5 *5 *
The r e s t  fo l l o w s  from C o r o l la r y  3 * 5 * 6  and P r o p o s i t i o n  4 * 1 * 7 *
Theorem 4 . 1 * 9
q( u(v))  = Q(r+i / T  r r Q(r 2- V " r  ) - r . . .Q(rn“ (_ 1 ) V t  ) - r
where Q ( jy T " r r  d e n o te s  th e  s u b f i e l d  o f  Q ( 1 ) f i x e d  p o in tw ise  
by th e  automorphism sen d in g  w t o  w whenever w*1 = 1 .
P ro o f  The p ro o f  i s  a lm ost i d e n t i c a l  t o  t h a t  o f  Theorem 4 * 1 * 5  w ith  
a few ob viou s m o d i f i c a t i o n s  in  th e  n o t a t i o n .
I t  i s  i n t e r e s t i n g  t o  w r i te  down g e n e r a to r s  o f  th e  a l g e b r a i c  
number f i e l d s  o b ta in e d  f o r  Q(GL(V)) and Q(U(V)) s in o e  th e s e  might be 
e x p e c te d  t o  appear a s  e n t r i e s  i n  th e  c h a r a c t e r  t a b l e s  o f  the  g ro u p s . 
F o r  GL(V) we a r e  i n t e r e s t e d  in  g e n e r a to r s  o f  th e  f i e l d s
Q(q 1 )**. Let ?  b e  a ( q ^ - l ) * * 1 ro o t  o f  u n i t y .  Then
i - l
6  Q(q - y r f ,
which i s  spanned as  a v e c t o r  space  over Q by such e lem ents  as  ^  runs 
th rou g h  a l l  th e  ( q i - l ) t 1^ r o o t s  o f  u n i t y .
F o r  U(V) we a r e  i n t e r e s t e d  i n  g e n e r a to r s  o f  t h e  f i e l d s
Q(r  - ( - 1 ) S/ ~ T ) ~ T .  Let f )  be a ( r i - ( - l ) i ) th  ro o t of u n ity . Then
2 , x i - 1  „ i  t -i \i
n  + v - r  + 'r)r  + .  .  .  + *>( - r )  €  q( p  - ( _ 1 ) x/r i - )
which i s  spanned as k\ v e c to r  space over Q by such elements as T) 
through a l l  the ( r * - ( - * l ) * ) * * 1 ro o ts  of u n ity .
9
runs
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4 . 2  The o r th o g o n a l  and s y m p le c t ic  groups -  P r e l im in a r y  r e s u l t s
Here we c o l l e c t  t o g e t h e r  th e  s o l u t i o n s  o f  some o f  t h e  problems 
which a r i s e  i n  c a l c u l a t i n g  th e  f i e l d s  g e n e r a te d  by th e  c h a r a c t e r s  o f  
b o th  t h e  s y m p l e c t ic  and th e  or th og o n al  groups over f i n i t e  f i e l d s .
I n  o r d e r  t o  e x p l o i t  t h e  g e n e r a l  th e o r y  o f  3 . 3  i n  t h i s  c a s e  we f i r s t  
examine t h e  c l a s s i f i c a t i o n  o f  s e s q u i l i n e a r  and b i l i n e a r  s p a c e s  over 
f i n i t e  f i e l d s .
P r o p o s i t i o n  4 . 2 . 1
2
L et F  «• F be t h e  f i n i t e  f i e l d  w ith  q -  r  e lem ents  and l e t  O' be th e
q
f i e l d  automorphism w ith  CT { a )  = a m a r  f o r  a l l  a f p .  I f  ( V , ^  , 
i s  a  n o n -d e g e n e ra te  s e s q u i l i n e a r  space over  P s a t i s f y i n g  
^ v , u ^  = f o r  a l l  u , v € V
th e n  V has an o r th o g o n a l  b a s i s  e ^ , . . , e n such t h a t
< e i , e i >  "  1 f o r
P r o o f  V has an o r th o g o n a l  b a s i s  f ^ , . . . , f n by P r o p o s i t i o n  3 . 1 . 6 ,  and
^ f ^ , f ^ ^  = a^ = a^ fl 0  s in c e  th e  sp a ce  i s  n o n -d e g e n e r a te .  So
a . g p  = t h e  f i x e d  s u b f i e l d  o f  P under O “, and so  t h e r e  e x i s t s  b . € F  i  r  * i
1*4 -1w ith  a^ -  b* = b jb ^  ( s i n c e  th e  m u l t i p l i c a t i v e  groups o f  and Py
2 —1 a r e  c y c l i c  o f  o rd e rs  r  - 1  and r - 1  r e s p e d t i v e l y ) . D ef in e  e^  ^ -  b^ f ^ .
C o r o l l a r y  4 . 2 . 2
The e q u iv a le n c e  c l a s s  o f  a  n o n -d eg e n e ra te  s e s q u i l i n e a r  s p a c e  
( V , <  , > )  ov er  P^ w ith  q « r 2 a s  i n  t h e  p r o p o s i t io n ,  such  t h a t  
< v , u )  -  £  ^ u , y )  f o r  a l l  u , v € V ,  
i s  u n iq u e ly  d eterm ined  by th e  p a i r  (d im pV ,E  ) .  I n  p a r t i c u l a r  
(V ,^  , and ( T , a < ,  . »  a r e  e q u iv a le n t  f o r  a €  Pr , where a ^ , >  
d e n o te s  t h e  form ^  , ^ m u l t i p l i e d  by t h e  s o a l a r  a .
Note must s a t i s f y  £ £  -  1 by th e  p r o o f  o f  P r o p o s i t i o n  3 * 1 . 3  - 
P r o o f  I f  £  -  1 t h i s  i s  immediate from P r o p o s i t i o n  4 . 2 . 1 .  I f  £ /  1 ,
K. , ?  i s  c o n f o r m a l ly  e q u iv a le n t  t o  a  form w ith  £  -  1 by 
P r o p o s i t i o n  3 . 1 . 3 ( i i ) ,  and th e  r e s u l t  f o l lo w s  from t h i s  c a s e .
Note I f  F q i s  a  f i n i t e  f i e l d ,  i t  i s  s t r a i g h t f o r w a r d  t o  c h e c k  t h a t  th e  
on ly  p o s s i b l e  automorphism o f  o rd er  2 has th e  form g iv e n  i n  th e  
s ta te m e n t  o f  P r o p o s i t i o n  4 . 2 . 1 .  Hence th e  r e s u l t s  above c l a s s i f y  a l l  
p o s s i b l e  n o n -d e g e n e ra te  r e f l e x i v e  s e s q u i l i n e a r  sp a ces  ov er  f i n i t e  
f i e l d s .
Next we o o n s id e r  b i l i n e a r  forms over f i n i t e  f i e l d s .
P ro p o sitio n  4 . 2 . 3
I f  ( V , (  ,  ) )  i s  a  n o n -d e g e n e ra te  s y m p le c t ic  space over t h e  f i n i t e  
f i e l d  F ^ , th e n  t h e  e q u iv a le n c e  c l a s s  o f  ( V , (  ,  ) )  i s  c o m p le te ly  
d eterm ined  by th e  (e v e n )  i n t e g e r  dim^y. In  p a r t i c u l a r  ( V , (  , ) )  and 
( V , a (  , ) )  a re  e q u iv a le n t  f o r  a l l  a ^ F ^ .
P r o o f  T h is  i s  j u s t  a  s p e c i a l  c a s e  o f  P r o p o s i t i o n  3 . 1 . 7 «
P ro p o sitio n  4 . 2 . 4
L et  F  = F be  th e  f i n i t e  f i e l d  w ith  q e lem ents  where q i s  odd and l e t  
Q
V b e  a  f i n i t e  d im e n s io n a l  v e c t o r  sp a ce  over F  w ith  a n o n -d eg e n e ra te  
F - b i l i n e a r  form ( , ) such t h a t
( u , v )  » ( v , u )  f o r  a l l  u , v £ T .
L et e l f . . . , e n be an o r th o g o n a l  b a s i s  o f  V, (which e x i s t s  by
*  2
P r o p o s i t i o n  3 . 1 « 6 ) i w ith  ( e ^ , e ^ )  -  a ^ .  Let d(V) « a i a 2 * * * a n^F ) *
*  2
c o n s id e r e d  as  an e lem ent o f  th e  group F  / (F  ) , a  c y o l i c  group of 
o r d e r  2 .  Then t h e  e q u iv a le n c e  c l a s s  o f  ( V , (  t ) )  i s  u n iq u e ly  
d eterm ined  by th e  p a i r  (d im p V ,d (V )) .
P r o o f  S e e ,  f o r  exam ple , S e c t i o n  62 o f  O .T . O'Meara: I n t r o d u c t i o n  t o
Q uadratic Forms, S p rin g er-V erlaf (1 9 6 3 )
He a re  now i n  a p o s i t i o n  t o  make th e  r e s u l t s  on con jug acy  in
3 . 3  more p r e c i s e  f o r  F a f i n i t e  f i e l d .
Theorem 4 . 2 . 5
Let F » F he t h e  f i n i t e  f i e l d  w ith  q e lem ents  where q i s  odd. Letq
( V , (  » ) )  he a n o n -d eg e n e ra te  b i l i n e a r  space over F such t h a t  
( v , u )  = £ ( u , v )  f o r  a l l  u ,v Ç V ,
where f  « 1 or - 1 ,  and l e t  Aut(V) he t h e  group o f  i s o m e tr i e s  o f  ( V , (  ,  ) ) .
Two e lem ents  s and t  o f  Aut(V) a re  c o n ju g a te  i n  Aut(V) i f  and only i f
( i )  s and t  a re  c o n ju g a te  i n  GL(V), 
and ( i i )  f o r  p ( x )  = x+1 or x - 1 ,  th e  b i l i n e a r  spaces  (U ^ (p )f ^ ,  
and ( U ^ p ) , ^  , > )  d e f in e d  i n  Theorem 3 . 3 . 8  a re  
e q u iv a le n t  ( a )  f o r  a l l  odd i  i f  £  -  1 ,
or (h )  f o r  a l l  even i  i f  £  « - 1 .
P r o o f  ( i )  and ( i i )  a re  c e r t a i n l y  n e c e s s a r y  c o n d i t io n s  f o r  s and t  
t o  h e  c o n ju g a t e .  By th e  r e s u l t s  o f  3 . 3  a and t  a re  co n ju g a te  i n  
A u t(V ) i f  and o n ly  i f  f o r  each  i r r e d u c i b l e  p ( x ) € f [ x]  we have
( 1 )  i f  p / p * ,  t h e n ( ? a ( £ p , p } ) , s )  and (Vt ( / p , p J  ) , t )  a re  
iso m orp h ic  i n  Auto(VS) by Theorem 3 . 3 . 3 ( i i )  and ( i i i ) .
T h is  i s  a u t o m a t ic a l ly  s a t i s f i e d  i f  s and t  a re  co n ju g a te  
i n  GL(V) by Theorem 3 . 2 . 1 ( i i i )  and th e  d e f i h i t i o n  o f
v 8 ( £ p , p * } - ) .
( 2 )  i f  p » p *  and d eg(p) ^ > 2 , th e n  th e  s e s q u i l i n e a r  spaces 
H8 ( p )  and H*(p) over  E -  *H * J/ p (x ) * G O  d ef in e d  in
Theorem 3 . 3 . 5  a re  e q u iv a le n t  f o r  each i .  By C o r o l la r y  4 . 2 . 2  
t h i s  j u s t  r e q u i r e s  t h a t  t h e  s e s q u i l i n e a r  spaces  have th e  
same dimension f o r  each i ,  whioh n e c e s s a r i l y  happens i f  
8 and t  a re  c o n ju g a te  i n  GL(V).
( 3 )  i f  p ( x )  » x+1 or x - 1 ,  th e n  t h e  b i l i n e a r  spaces  U8 (p )  and 
U * (p )  over F a r e  e q u iv a le n t  f o r  a l l  i .  For th e  s y m p lec t ic  
s p a c e s  among t h e s e  we on ly  need th e  (even) dimensions t o  be
*1
e q u a l ,  which n e c e s s a r i l y  happens i f  s  and t  a re  c o n ju g a te  
i n  G L (V ).  By Theorem 3 * 3 . 8  we see  t h a t  th e  only  rem ain ing  
c o n d i t i o n s  a re  ( i i , ) ( a )  and ( i i ) ( h ) ,  w h ich  corresp o n d  t o  
th e  c a s e s  i n  which U^(p) i s  not s y m p l e c t i c .
Note Theorem 4 . 2 . 3  i s  s i m i l a r  t o  th e  r e s u l t s  i n  s e c t i o n  2 . 6  o f  
G .E . H a l l ' s  p a p e r :  "On th e  co n ju g a cy  c l a s s e s  i n  t h e  u n i t a r y ,  
s y m p le c t ic  and o r th o g o n a l  g ro u p s " ,  J .  A n s t r .  H a th .  S o c . ,  v o l .  3 ( 1 9 6 3 ) .  
The r e s u l t s  4 . 2 . 1  -  4 * 2 . 4  a r e  well-known and can  b e  found, f o r  
example, i n  L . E .  D ick so n : " L i n e a r  Groups", L e i p z i g ,  1901 .
Next we examine th e  p o s s i b l e  e ig e n v a lu e s  o f  e lem ents  i n  th e  
s y m p le c t ic  and o r th o g o n a l  groups over f i n i t e  f i e l d s .  For  monic 
g (x )  €  F  j x j ,  d e f i n e  g * ( x )  as a t  th e  b e g in n in g  o f  3 . 3 .
P r o p o s i t i o n  4 . 2 . 6
Let F  = F  be t h e  f i n i t e  f i e l d  w ith  q e le m e n ts ,
q cr  e  - l( i )  I f  g ( x )  i s  monio w ith  g ( 0 )  / 0 ,  and $  i s  a  r o o t  o f  g, t h e m £
i s  a r o o t  o f  g .
( i i )  Let  p ( x )  -  p * ( x )  be monio i r r e d u c i b l e  o f  d e g r e e  k ^ 2 .  L et £  be
a r o o t  o f  p ( x ) ,  and £  a  g e n e r a to r  o f  th e  ( c y c l i c )  m u l t i p l i c a t i v e  
group o f  th e  f i e l d  w ith  q e le m e n ts .  Let » £  .  Then
( a )  k • 2d iB even
( b )  a i s  an i n t e g r a l  m u lt i p l e  o f  q^-1
( c )  f o r  e a ch  even i n t e g e r  k i t  i s  p o s s i b l e  t o  choose a monic 
i r r e d u c i b l e  p (x )  -  p * ( x )  o f  d egree  k ,  a  r o o t  € ,  and a 
g e n e r a t o r  5  o f  th e  m u l t i p l i c a t i v e  group o f  F f f J  such t h a t
^  ^  °  an<* a “
*
P r o o f  ( i )  Obvious from th e  d e f i n i t i o n  o f  g .
( i i ) ( a )  T h i s  i s  Lemma 3 . 3 . 4 ( b ) .
c
( b )  S i n c e  5  i s  a -^so a r o o t ,   ^ ^or
c j
some i n t e g e r  c  w ith  0 ^  c ^ ( 2 d - l ,  and so  + ■ 1 .  Hence
1 1
r 2ci s  contained, i n  th e  f i e l d  with q e le m e n ts ,  and so i s  i n  th e
f i e l d  w ith  q (^ c »2d) e l e m e n t s .  Thus we must have c  *= d ,  and ( i i ) ( b )  i s
an immediate conseq u ence .
( i i ) ( c )  Let  J  i e  a g e n e r a t o r  o f  th e  m u l t i p l i c a t i v e  group o f  th e  
f i e l d  w ith  q2<* e le m e n ts ,  and  l e t  so  t h a t  ^  has
m u l t i p l i c a t i v e  o rd er  q^+1. Hence ? "  -  , so  t h a t  t h e
minimal po lynom ial o f  ^  o v e r  F s a t i s f i e s  p ( i )  = p ( x ) .  I t  i s  c l e a r  
by P r o p o s i t i o n  1 . 1 . 3 ( i v )  t h a t  q*Vl does not d iv id e  q11— 1 f o r  any n < 2 d .  
Hence d eg (p )  -  2d as r e q u i r e d .
F i n a l l y  we examihe t h e  b ehaviour o f  th e  b i l i n e a r  sp a ces  i n  
Theorem 3 . 3 . 8  when th e  e le m e n t  s o f  Aut(V) i s  r e p l a c e d  by a power
jc
s o f  i t s e l f .
P r o p o s i t i o n  4 . 2 . 7
L et V be a f i n i t e  d im e n s io n a l  v e c to r  sp a ce  over  t h e  f i e l d  F ,  and 
l e t  s £ G L ( V )  have a l l  i t s  e ig e n v a l  u es  equal t o  1 .  Suppose t h a t  
( s - l ) 1 =■ 0 .  Then f o r  a l l  i n t e g e r s  k
( s k  -  s - y - 1 -  k ^ s - s - 1 ) 1- 1
where k  i s  i n t e r p r e t e d  as  a n  element o f  F in  t h e  obvious way. The 
r e s u l t  rem ains t r u e  f o r  a l l  odd i n t e g e r s  k i f  we assume t h a t  s has 
a l l  i t s  e ig e n v a lu e s  equ al t o  - 1  and t h a t  ( s + l ) *  = 0 .
P ro o f  L et  s = I + t  where t 0 .  Then 
i - U - 1
b- 1 = I  — t  + t 2 — . . .  + ( - 1 ) *  ~t 
,k \ . 2
-  I  -  t  + t f ( t ) ,
s K -  I  + k t  + ( * ) t *  + . . .  +  ( ^ t 1 -1  -  I  + let + 
s «  I  -  k t  + ( 2 ) t  - . . . + (  ) t  -  I  -  k t  + t  h ( t ; ,
where f ( x ) ,  g (x )  and h (x )  a r e  po lynom ials  w ith  i n t e g e r  c o e f f i c i e n t s  
and we have used th e  c o n d i t i o n :  t *  -  0 .  Henoe
( s - s _ 1 ) i _ 1  -  ( 2 t  -  t 2 f ( t ) ) i - 1  -  ( 2 t ) 1 - 1  s i n c e  t 1 -  0 ,  
and ( s k- s " k ) i - 1  -  ( 2 k t  +  t 2 ( g ( t ) - h ( t ) ) ) 1 -1  -  ( 2 k t ) i_ 1  as  r e q u ir e d .
The oaBe w ith  a l l  e ig e n v a lu e s  —1 fo llo w s  by w r i t i n g  —s f o r  s
I t
4 . 3  T he  s y m p le c t ic  groups o v er  f i n i t e  f i e l d s  o f  odd c h a r a c t e r i s t i c
and l e t  V he a f i n i t e  d im e n s io n a l  v e c t o r  space over  F  on which t h e r e  
i s  a n o n -d e g e n e ra te  b i l i n e a r  form ( , ) s a t i s f y i n g
Let S p (V )  he th e  s y m p le c t ic  group o f  V, i . e .  t h e  group o f  i s o m e t r i e s
Lemma 4 « 3 « !
An e le m e n t  s o f  GL(V) i s  c o n ju g a t e  i n  GL(V) t o  some element o f  t h e  
subgroup Sp(V) i f  and on ly  i f
( i i )  f o r  p (x )  = x+1 or x—1 ,  e a ch  odd i n t e g e r  o c c u rs  an even number of 
t i m e s  i n  th e  sequence ( n 1 , . . . , n k ) o f  Theorem 3 . 2 . 1 ( i v ) .
P r o o f  S e e  s e c t i o n  2 . 6  o f  G .E .  W all ;  "On th e  c o n ju g a c y  c l a s s e s  i n  th e  
u n i t a r y ,  s y m p le c t ic  and o r th o g o n a l  g ro u p s" ,  J .  A u s t r .  Math. S o c . ,  
v o l .  3  ( 1 9 6 3 ) .
Theorem 4 . 3 . 2
L et  S b e  th e  s e t  o f  i n t e g e r s ,  k ,  such t h a t  s and s a r e  co n ju g a te  
i n  S p (V )  f o r  a l l  s € S p ( V ) .  Then f o r  dim^V -  2n ^  2 ,  S i s  th e  s e t  of 
i n t e g e r s ,  k ,  such t h a t
P r o o f  By Lemma 4 . 3 . 1 ,  i f  p ( x )  i s  a  monic i r r e d u c i b l e  f a c t o r  o f  t h e  
c h a r a c t e r i s t i c  po lynom ial o f  some s £ S p ( V ) ,  th e n  so  i s  p ( x ) .  I f
L et  F -  F^ b e  th e  f i n i t e  f i e l d  w ith  q e le m e n ts  where q i s  odd,
( v , u )  *■ - ( u , v )  f o r  a l l  u , v £ V .
In  p a r t i c u l a r ,  dim^Y = 2n must be even s in c e  ( , ) i s  n o n -d e g e n e ra te .
o f  ( V , (  , ) ) .
( i )  f o r  every  monic i r r e d u c i b l e  p ( x ) £ f £x ] ,  t h e  sequence ( n ^ , . . . , ^ )
o f  Theorem 3 « 2 . l ( i v )  i s  t h e  same f o r  V (p )  and V (p ) wheres s
p ( x )  i s  d e f in e d  as i n  3 .3 »
a .  .
k  3 £ ±q 1 mod(q —1 )
k .
f o r  1 ^
i n t e g e r s  and e a ch  » 1 or - 1 .
i ^ n ,  where a .  ,b1 o 1 , . . . , o nb a ren
k -  a  s q u a re  n o n -z e ro  element o f  F^.
p (x )  / p ( x )  we must have 2 .d e g ( p ) i C 2 n f and s o  i  = d eg(p)^C n. F or  
k € S ,  8 and s  must have t h e  same e ig e n v a l u e s ,  and so  i f  p ( F )  = 0 ,
must he a  r o o t  o f  p ( x )  or o f  p ( x ) ,  i . e .
Ç  ^  «■ or  ^  5 f o r  some a .
S in c e  p ( x )  may he any i r r e d u c i b l e  po ly no m ial  o f  d egree  n ,  t h i s  
g iv e s  t h e  f i r s t  s e t  o f  co n g ru e n ce s  i n  th e  theorem .
and may im m ed iate ly  deduce th e  second s e t  o f  congruences i n  th e  
s ta te m e n t  o f  t h e  th e o rem . A l l  t h e  con g ru en ces  are  c l e a r l y  h o th  
n e c e s s a r y  and s u f f i c i e n t  f o r  a l l  e lem ents s t S p ( V )  t o  have th e  same 
e ig e n v a lu e s  a s  s ^ .
F i n a l l y  we must c o n s i d e r  p ( x )  = x+1 o r  x - 1 .  By Theorem 4 . 2 . 5  
we must c o n s i d e r  th e  e q u iv a le n c e  c l a s s e s  o f  th e  b i l i n e a r  spaces  
U *(p )  d e f in e d  i n  Theorem 3 . 3 . 8 ,  f o r  a l l  even  i .  By th e  d e f i n i t i o n
If
o f  t h e s e  s p a c e s  and P r o p o s i t i o n  4 « 2 . 7 i r e p l a c i n g  s by s  m u l t i p l i e s
th e  b i l i n e a r  form by k i _ \  and s o  m u l t i p l i e s  d (U * (p ))  by k^ where
j  «  ( i - l ) d i m ( U ^ ( p ) ) .  (d (V )  was d e f in e d  f o r  a b i l i n e a r  space  V i n
P r o p o s i t i o n  4 . 2 . 4 ) «  S i n c e  i - 1  i s  odd and d im (U *(p ))  can  be odd by
Lemma 4 « 3 . l ( i i ) ,  ( i t  i s  j u s t  t h e  number o f  n with n -  i ) ,  k^ iBc  c
always a s q u a re  i n  F^ o n ly  i f  k i s  one. The converse  i s  e a s i l y
I f  p ( x )  = p ( x )  we a re  i n  th e  s i t u a t i o n  o f  P r o p o s i t i o n  4 « 2 . 6 ( ü ) ,
pro ved .
C o r o l l a r y  4 . 3 . 3
The exponent o f  Sp(V) i s
P r o o f  T h is  may be proved by th e  method used i n  th e  p r o o f  o f
Lemma 4 . 1 . 1 ,  u s i n g  th e  r e s u l t s  on p o s s i b l e  e ig e n v a lu e s  o f  e lem ents 
o f  Sp(V ) from th e  p r o o f  o f  Theorem 4 * 3 . 2 .
T V
C o r o l l a r y  4 . 3 . 4
The c o n d i t i o n s  d e f i n i n g  t h e  se t  S i n  Theorem 4 . 3 . 2  may he r e w r i t t e n
P r o o f  F o r  c o n s i s t e n c y  t h e  f i r s t  s e t  o f  congruences in  th e  theorem
S i n c e  q ]^ 3 ,  t h i s  f o r c e s  = th e  same v a lu e  f o r  a l l  i ,  and hence
c o n t a i n s  a unique s u h f i e l d  o f  d egree  2 over Q. The s u b f i e l d  i s
and s o  has a unique subgroup of in d e x  2 .  By G a lo is  th e o ry  t h i s  
p ro v e s  th e  e x i s t e n c e  o f  a  unique s u b f i e l d  o f  degree 2 over Q. To 
show t h a t  t h i s  s u b f i e l d  has th e  r e q u ir e d  form , i t  i s  enough t o  show 
t h a t  \/£ P C Q ( ^ / ~ )• He do t h i s  by a t r i c k  used in  some p ro o fs  o f  
t h e  Law o f  Q uad ratic  R e c i p r o c i t y .
For x 6 ( z / p Z ) *  d e f i n e  th e  "Legendre symbol" (—) t o  be 1 i f  x  i s  
a  s q u a re  and - 1  o t h e r w i s e ,  so t h a t  t h e  map i s  a group
homomorphism. Let  w be a p r im i t iv e  r o o t  o f  u n i ty ,  and d e f in e
a s
f o r  1ST i $  n where £  <■ 1 or  —1,
a a .
must s a t i s f y  £  ^q 1 = Ej<I 3 mod((ql - l , q ^ —1 ) )  f o r  a l l  i  and j  by 
Theorem 1 . 1 . 2 ,  and so  c e r t a i n l y  ^  j  mod(q—1) f o r  a l l  i  and j .
q *  “  q ** m o d ((q ^ - l ,q ^ —1 ) )  f o r  a i l  i  and j .  
The p r o o f  c o n t in u e s  a s  f o r  P r o p o s i t io n  4 .1 .2 ,
Lemma 4 . 3 . 5
a
I f  p i s  an odd prime and a ^ l ,  th e n  t h e  cy c lo to m ie  f i e l d  Q(P \/ 1  )
P r o o f  G al(Q (p y ï ~  )/Q) -  (z/p Z) i s  c y c l i c  o f  even order p -p  ,
Q(> / s  P ) where Ç »  ( - 1 ) ^ P - 1 ^ 2 .
„ »
Hence
Hence
Now i f  1+t = 0 i n  z/pZ, wx ( i + t )  = p-1> I f  1+ t ^ 0> then
wI ( l +"t ) = v *  = - 1  s in c e  l+w+w2+ . .  .+W13-*  -  0 .
z2 = ( ^ ) ( p - l )  -  (| )  -  ( ^ ) p  s i n c e  -  0 .  (T h e re
£.
a r e  a s  many n on -squ ares  as  sq u a res  in  (z/pZ) ) .  The r e s u l t  fo l lo w s  
by o b s e r v in g  t h a t  —1 i s  a squ are  i f  and on ly  i f  4  d iv id e s  p - 1 .
P r o p o s i t i o n  4 . 3 . 6
Qq (S p (V ) )  -  Qq ( >/£ q ) where £ -  ( - l / q - 1 ^ 2 .
I n  p a r t i c u l a r ,  i f  q i s  a  s q u a re ,  th e n  Qq(S p ( V ) )  ■* Qq .
p r o o f  Let  m be as  i n  C o r o l la r y  4 . 3 . 3 .  By C o r o l l a r y  4 . 3 . 4  T ( G )
c e r t a i n l y  c o n t a in s  th e  k € (z / m Z ) such t h a t
k a 1 mod(p°) and k s  q m o d ( £ q - l , q + l , . . . , qn- l , qn+ l l ) ,  and so  
c e r t a i n l y  c o n t a in s  th e  group Gpi> o f  Theorem 2 . 2 . 2 ( i i ) .  We must 
c o n s i d e r  two c a s e s .  L et  G = S p (V ) .
I f  q i s  a  sq u a re , th e n  every  in te g e r  k  i s  th e  squ are  o f  Borne 
e lem en t o f  F  , and so  th e  f i n a l  c o n d itio n  on S i n  C o r o l la r y  4 . 3 . 4
q ’
i s  e q u iv a le n t  t o  ( k , q )  -  1 .  In  t h i s  c a s e  P ( G )  a l s o  c o n t a in s  th e
subgroup G , and so by Theorem 2 . 2 . 2 ( i i ) ,  Q ( S p ( V ) )  = Q .
ram, q q
I f  q i s  not a  s q u a re ,  th e n  P ( G )  meets 
i n  a  subgroup o f  index  2 .  ( S i n c e  (z/p°Z) i s  c y c l i c  o f  even o rd e r ,  
p r e c i s e l y  h a l f  o f  i t s  e lem ents  a r e  s q u a r e s ) .  Hence Qq (G) has 
d e g r e e  2 over J £ p  i Q ( G ) £ Q tj(G) by Lemma 4 * 3 . 5 »  C o r o l la r y  4 . 3 . 4  
and t h e  argument above, where £ ■  ( - 1 ) ^  ^ ^ 2 -  ( - l ) ^ q * ^ 2 s in c e  q 
i s  an  odd power o f  p .  (T h is  i s  immediate from t h e  f a c t  t h a t  a l l  odd 
p r im e s  a r e  congruent t o  1 or  3 modulo 4 ) .  The r e s u l t  fo l lo w s  s in c e
Qq ( */e~q ) -  Qq ( v / I 7  ) / Qq .
Mote The f i e l d  found i n  th e  P r o p o s i t io n  i s  a  r a m i f i e d  e x te n s io n  o f  
Q i f  q i s  not a s q u a re .  There  a re  a t  l e a s t  two ways t o  extend th e
q
group Sp(V) i n  order  t o  remove t h i s  r a m i f i c a t i o n .  One i s  t o  extend
p
t h e  f i e l d  F^ t o  t h e  f i e l d  F p where r  = q : th e n  we may e x te n d  ( , )
t d  V ® F  a s  an a l t e r n a t i n g  F - b i l i n e a r  form and t h e r e  i s  an obvious r  r
embedding o f  Sp(V) i n t o  S p (V @ F p ) .  A lso  Qp (Sp(V g lF r ) ) = Qp i s  an 
u n ra m if ie d  e x te n s io n  o f  Q^.
A nother  p o s s i b l e  e x t e n s i o n  i s  by r e p l a c i n g  th e  group Sp(V) 
w ith  C S p (V ) ,  a  s i t u a t i o n  d e s c r ib e d  i n  a l a t e r  s e c t i o n .  T h is  i s  more 
e c o n o m ic a l ,  i n  th e  s e n s e  t h a t  th e  index  o f  Sp(V) i n  t h e  l a r g e r  group 
i s  r e l a t i v e l y  s m a l l .
Next we a ttem p t t o  d e s c r i b e  s u i t a b l e  g e n e r a to r s  o f  t h e  f i e l d  
Q (S p (V )) .  U n fo r t u n a te ly  t h e  s i t u a t i o n  h e r e  i s  c o n s i d e r a b l y  more 
c o m p lic a te d  th a n  f o r  t h e  g e n e r a l  l i n e a r  and u n i ta r y  g ro u p s .
C o r o l l a r y  4 . 3 . 7
Q(sp(v)) = Q(v/£ q )Q (V " i~ )H» with £ "  ( - i / q-1^ 2i
where N -  G t - 1 , q + l , q 2- l , q 2+ l , . . . ,q n- l , q n+ l ]  and H i s  t h e  subgroup o f
(Z/NZ) c o n s i s t i n g  o f  th o s e  k such t h a t
b .
k S  £ /qa modiq1—1 )  and k = q 1 mod(ql + l )  f o r  some i n t e g e r s  
a , b l f . . . , b n and £  = +?■* f o r  ^  n .
P r o o f  P r o p o s i t i o n  4 * 3 . 6  shows t h a t  ^ / ^ q - ^  ^ ( S p ( V ) ) . I f  q i s  a  squ are ,  
th e  method used i n  t h e  f i r s t  paragraph o f  th e  p ro o f  o f  Theorem 4 *1 * 5  
g iv e s  t h e  r e s u l t s  Q (S p (V ))  = Q( V " * "  ) H* I f t on th e  o t h e r  hand, q i s  
not a  s q u a r e ,  i t  i s  c l e a r  t h a t  ^ ( S p ( V ) ) :Q ( ^ / ~ T  )® J *» 2 ,  by G a lo is
t h e o r y ,  and so i t  i s  enough t o  show t h a t  -•However
t h i s  fo l l o w s  from Lemma 4 * 3 * 5  s in c e
< Z (*s fT )n  Q ( V T  ) .  Q by p r o p o s i t io n  1 . 2 . 3 ,  where q i s  a 
power o f  th e  prime p .
I n  order  t o  prodeed f u r t h e r  we t r y  t o  w r i te  th e  subgroup H 
o f  ( z/NB)*  -  Gal(Q (v/ 1 )/Q) as  an i n t e r n a l  d i r e c t  sum o f  c y c l i c  
su b g rou p s . Then we may apply  th e  G a lo is  th e o r y  o f  s e c t i o n  1 . 2  t o  th e
r e s u l t i n g  s i t u a t i o n .
F i r s t l y  we n o t e  t h a t  q* S  _ l  mod(qX+ l )  f o r  a l l  i ,  and so th e
co n g ru en ces  i n  C o r o l l a r y  4 . 3 * 7  a re  e q u iv a le n t  t o :
k  S  £ (qa mod(q*—1) and k 5  *  mod(qX+ l )  f o r  l - $ i ^ n ,
where t h e  b^ o f  t h e  c o r o l l a r y  has been r e p la c e d  by i+b^ i f  E! = —1«
Next we use  Theorem 1 . 1 . 2  t o  f i n d  n e c e s s a ry  and s u f f i c i e n t
c o n d i t i o n s  f o r  t h e s e  s im ultaneous congruences  t o  be c o n s i s t e n t .  Let
h be t h e  (u n iq u e)  p o s i t i v e  i n t e g e r  w ith  2*^C n^- , and f o r  0-^ .t^ .h
l e t  E. b e  th e  (non-em pty) s e t  o f  i n t e g e r s  i  w ith  i ^  n such t h a t  "t
2^ d iv id e s  i  b ut 2t + *  does n o t .  F or  c o n s i s t e n c y  o f  t h e  s im ultaneous
con g ru en ces  above , we r e q u i r e  
b b .
£ yq 1 » g 'q  J  mod((qX+ l , q J + l ) )  f o r  a l l  i  and j ,  
i  ii . e .  q J  S  1 mod((q + l , q J + l ) )  f o r  a l l  i  and j .
U sing  P r o p o s i t i o n  1 . 1 . 3 ( i i i )  we see  t h a t  t h i s  c o n d i t i o n  i s  s a t i s f i e d  
a u t o m a t i c a l l y  u n l e s s  v2 ( i )  = v2 ( j ) ,  i . e .  u n le s s  i j j f i E ^  f o r  some t ,  
i n  w hich c a s e  th e  c o n d i t i o n  becomes 
q 1 j  S 1 m o d i q ^ ’ ^ + l ) .
I n s p e c t i o n  shows t h a t  t h i s  i s  e q u iv a le n t  t o  th e  c o n d i t i o n
b .  = b . m o d ( 2 ( i , j ) ) ,  i . e .  b -  b r a o d ( ( 2 i , 2 j ) ) .  
l  0  ^ J
By Theorem 1 . 1 . 2 ,  a g a i n ,  t h i s  i s  e q u iv a le n t  t o  th e  e x i s t e n c e  o f  an 
i n t e g e r  b such t h a t  b S  b^ mod(2i) f o r  a l l  i g 'E ^ ,  and hence 
b b  i
q 1 S  q mod(q +1) f o r  a l l  i g E .  .  Hence we may assume f o r  e a ch  t  
t h a t  b^  ^ >■ b j  = b ( t )  f o r  a l l  i  and
F o r  c o n s i s t e n c y  we a l s o  need
qa a  q  ^ mod(($x- l , q * U l ) ) f o r  a l l  i  and j .
U sing p r o p o s i t i o n  1 . 1 . 3 ( i v )  and th e  same te ch n iq u e s  a s  above , we 
f in d  t h a t  t h i s  i s  t r i v i a l l y  s a t i s f i e d  u n le s s  v2 ( i )  ^  v 2 ( j ) ,  ard  t h a t  
i n  t h i s  c a s e  i t  i s  e q u iv a le n t  t o  a S  r a o d ( 2 ( i , j ) ) ,  i . e .
a  2  b j  mod(( i , 2 j ) ) ,  whenever vg( i ) ^  v 2 ( j ) .
F o r  f i x e d  t  t h i s  becomes:
a ~  b ( t )  mod(( i , 2 j ) ) f o r  a l l  j g E ^ ,  and a l l  i  d i v i s i b l e  by 2t + 1 . 
C l e a r l y  a l l  th e  in fo r m a t io n  i n  t h e s e  congruences  i s  g iv e n  by th o s e  
i  betw een 1 and n which a re  d i v i s i b l e  by 2t+ 1  and no h ig h e r  power o f  
2 ,  i . e .  by th o s e  i € E ^ +^. So our c o n d i t i o n s  become
a S  b ( t ) m o d ( ( i , 2 j ) ) f o r  a l l  j g  E^and a l l  i £  E^+ 1 .
Hence a s  b ( t )  m od(m (t))  where m (t )  *  t h e  l e a s t  common m u lt ip le  o f  
t h e  s e t  ( i , 2 j )  f o r  j ^ E ^ ,  i €  Et + 1 , V  Theorem 1 . 1 . 2 .  m (t)  i s  
c e r t a i n l y  a f a c t o r  o f  th e  l e a s t  common m u lt ip le  o f  t h e  s e t  Et+ 1  by 
i n s p e c t i o n .  However, i f  i £ E t + 1 , th e n  Et  by d e f i n i t i o n ,  and so 
m ( t )  = th e  l e a s t  common m u lt i p l e  o f  th e  s e t  Et+ 1*
Summing up , we have shown t h a t  t h e  s im u ltan eou s  congruences  
o f  C o r o l la r y  4 . 3 . 7  a r e  e q u iv a le n t  t o  th e  fo l lo w in g  s e t :  
k  =€qa raod(qi - l )  f o r  some i n t e g e r  a and i ^ n ,
k sEq13^  mod(q^+l) f o r  a l l  j € E t , some i n t e g e r  b ( t )  and l s< t {  h ,  
where b ( t )  = a mod(m (t))  f o r  each  t .
(We assume t h a t  m(h) -  1 ,  s i n c e  Efa+1 i s  empty and s o  c o n t r i b u t e s  no 
c o n d i t i o n s  i n  t h e  argument a b o v e ) .  I t  i s  s t r a i g h t f o r w a r d  t o  check  
t h a t  t h e s e  co n g ru e n ce s  a re  c o n s i s t e n t ,  u s in g  Theorem 1 . 1 . 2  and 
P r o p o s i t i o n  1 . 1 . 3 «
P r o p o s i t i o n  4 . 3 . 8
q ( s p ( v ) )  -  Q( y i T ) Q ( V " i ~ ) H where £  -  ( - l ) ^ - ^ 2 ,
N = £ q - l , q + l , . . . , q n- l , q n+ 0  • and H iB  t h e  in1 :erna l  d i r e c t  sum, o f  
th e  c y c l i c  subgroups o f  (z/N Z)* = Gal(Q(iJ/"T“ )/Q) w ith  g e n e r a to r s :
I .  k -  - 1  C ( z/ nz) *
II.  k - q  €T(Z/NZ)*
I I I .  k » k. £  (Z/NZ)* f o r  0 $ t f h ,  where h i s  t h e  unique i n t e g e r  such 
t h a t  2 h^ n < 2 h+1, Et  -  t h e  s e t  o f  i n t e g e r s  i  w ith  l ^ i ^ n  
which a r e  d i v i s i b l e  by 2*  but not by 2t + 1 , m (t )  -  th e  l e a s t  
common m u l t i p l e  o f  th e  i n t e g e r s  i n  Et + 1 , (b y  con v en tio n  m ( h ) - l ) ,
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and kj. i s  t h e  unique e lem ent o f  ( z/nz) *  such t h a t  
= 1 m o d ( q L i )  f o r  i $  n, 
k^ ~  1 mod(qi + l )  f o r  l ^ i < C n  w ith  i  ^ E ^ ,  
k^ 5  m o d ( q L l )  f o r  j  £  E^.
P r o o f  An easy  consequence o f  C o r o l la r y  4 « 3 .7 i and o f  th e  arguments 
p r e c e d in g  th e  s ta te m e n t  o f  t h i s  P r o p o s i t i o n .
Notes 1 .  Most o f  th e  d i f f i c u l t i e s  in  th e  c a l c u l a t i o n  which f o l lo w s  
a r e  cau sed  by th e  g e n e r a to rs  o f  ty pe  I I I  i n  t h i s  P r o p o s i t i o n .  The 
d e s c r i p t i o n  o f  Q (Sp(V)) would b e  much s im p le r  i f  th ey  were a b s e n t .
2 .  The e x i s t e n c e  o f  th e  g e n e r a t o r ,  - 1 ,  o f  ty pe  I ,  shows th a t  
Q(iJ/ 1 ) H^  th e  r e a l  numbers. Hence we may deduce t h a t  every 
a b s o l u t e l y  i r r e d u c i b l e  c h a r a c t e r  o f  Sp(V) i s  r e a l - v a lu e d  i f  and on ly  
i f  q *  1 mod(4).
3 .  I t  i s  easy  t o  compute th e  o rd e rs  o f  th e  g e n e r a to rs  o f  H g iv e n  
i n  th e  P r o p o s i t i o n :  f o r  example q has order ¡2 ,4 , 6 , . . . , 2 n ]  , —1 has 
o rd er  2 ,  and k, has order 2 m ( t - l ) / m ( t )  where m ( - l )  i s  i n t e r p r e t e d  as 
th e  l e a s t  common m u lt ip le  o f  a l l  th e  odd i n t e g e r s  between 1 and n .  
Hence th e  dggree o f  Q("^/ 1 )^ o v e r  Q i s  /(N) d iv ided  by th e  product of 
a l l  o f  t h e s e .
We need s e v e r a l  lemmas from f i e l d  th e o r y  b e fo r e  c o n t in u in g .  
They a r e  c o l l e c t e d  to g e th e r  i n  t h e  next P r o p o s i t io n .
P r o p o s i t i o n  4 . 3 . 9
( i )  I f  E i s  a  s e t  o f  p o s i t i v e  i n t e g e r s ,  th e n
(a )  ( _l l  Q(q i- i/""i" ) ) q *  u _  Q(q ii / " n q
i  e E i  €  E
( b )  ( I I Q(q +V ” i ~ ) ) q -  - L i  Q(q )q providacl th a t
i € E  i €  E
a l l  t h e  i n te g e r s  i n  E are  d i v i s i b l e  by e x a c t l y  th e  same 
h i g h e s t  power o f  2 ,
«0
(c) ( J J .  Q((q2i- 1>/2y - T ) ) <I .  j _ l Q((Q2i-i)/e/-T
where K =
P ro o f  ( i )  We prove ( c ) .  (The p ro o fs  o f  ( a )  and ( b )  a r e  very  s i m i l a r ) .  
The p ro o f  i s  by in d u c t io n  on /e / = n ,  s a y .  The r e s u l t  i s  t r i v i a l  f o r  
n « 1 .  Suppose th e  r e s u l t  proved f o r  |E|< n ,  and l e t  m be th e
S i m i l a r l y  t h e  order o f  q a c t i n g  on L i s  th e  l e a s t  common m u lt ip le  
o f  th e  numbers 2 j  f o r  ra ^ E, 2 k ,  s a y .  C l e a r l y  L n K c o n t a in s  th e
th e  o rd er  o f  q a c t i n g  on L n K  i s  g r e a t e r  th a n  or  e q u a l  t o  th e  l e a s t  
common m u l t i p l e  o f  th e  numbers (2m ,2 j ) ,  i . e .  (2m ,2k) by 
P r o p o s i t i o n  l . l . l ( i v ) .  Apply C o r o l la r y  1 . 2 . 6  and th e  in d u c t io n  
h y p o th e s i s .
( i i ) ( a )  Immediate from ( i ) ( c ) .
t h i s  i n t e r s e c t i o n  f o r  q ^ 3 ,  s in c e  th e n  q - l > 2 .  The r e s u l t  fo l lo w s  
by re p e a te d  a p p l i c a t i o n s  o f  C o r o l la r y  1 . 2 . 6  and P r o p o s i t i o n  1 . 2 . 4 ( i i ) «  
(Note t h a t  a l l  th e  f i e l d s  co n s id ere d  a re  s u b f i e l d s  o f  cy c lo to m ie  
e x te n s io n s  o f  Q, and so a re  a u t o m a t i c a l ly  normal s e p a r a b l e  e x te n s io n s
i ç  E i €  E
I j 1cwhere JL L  denotes  th e  compositum o f  f i e l d s ,  and ) i s
th e  s u b f i e l d  o f  Q(.^/ 1 ) f i x e d  by th e  automorphism sen d in g  w t o  
w  ^ whenever w^  = 1 .
( i i )  I f  Eq , . . . , E ^  i s  a p a r t i t i o n  o f  { ¡1 ,2 , . .  .  , n }  d e f in e• ••a 
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( a )  Kq = (K0 ) q (K1 ) q . . . ( K h ) q
( b )  (Kq ) _1 -  ((K q ) 5 ) " 1 . .  . ( ( K j j ) 9 ) " 1 provided  t h a t  q > 3 ,
p r i m i t i v e  ( q ^ ra*2 ^ —1)/2^^ r o o ts  o f  u n ity  f o r  a l l  m / j  £ E ,  and so
SO
(c )  ( ± ±  Q((q2i- 1) / 2y T - ) ) q = J _ L  Q((q2 l- 1)/ y T ) q
The p r o o f  i s  by i n d u c t io n  on / E / = n ,  s a y .  The r e s u l t  i s  t r i v i a l  f o r  
n = 1 .  Suppose th e  r e s u l t  proved f o r  |E|<n, and l e t  in be th e
S i m i l a r l y  th e  order  o f  q a c t i n g  on L i s  t h e  l e a s t  common m u lt ip le  
o f  th e  numbers 2 j  f o r  m ^ j € E ,  2 k ,  s a y .  C l e a r l y  L n K  c o n t a in s  th e
th e  o rd e r  o f  q a c t i n g  on Lr»K i s  g r e a t e r  th a n  or e q u a l  t o  th e  l e a s t  
common m u lt i p l e  o f  t h e  numbers ( 2m ,2 j ) ,  i . e .  ( 2m,2k )  by 
P r o p o s i t i o n  l . l . l ( i v ) .  Apply C o r o l l a r y  1 . 2 . 6  and t h e  in d u ct io n  
h y p o t h e s i s .
( i i ) ( a )  Immediate from ( i ) ( c ) .
t h i s  i n t e r s e c t i o n  f o r  q > 3 ,  s in c e  th e n  q - l >  2 .  The r e s u l t  fo l lo w s  
by re p e a te d  a p p l i c a t i o n s  o f  C o r o l l a r y  1 . 2 . 6  and P r o p o s i t i o n  1 . 2 . 4 ( i i ) .  
(Note t h a t  a l l  th e  f i e l d s  c o n s id e r e d  a re  s u b f i e l d s  o f  cy c lo tom ie  
e x t e n s i o n s  o f  Q, and so  a re  a u t o m a t i c a l l y  normal s e p a r a b le  e x te n s io n s
i e  e i €  E
where 1 1  d en o te s  th e  compositum o f  f i e l d s ,  and Q(^/ 1  i s  
th e  s u b f i e l d  o f  Q(.^/ 1 ) f i x e d  by th e  automorphism sen ding  w t o  
w  ^ whenever w^  = 1 .
( i i )  I f  Eq , . . . ^  i s  a  p a r t i t i o n  o f  ^ 1 , 2 , . . . ,  d e f in e
i € Et
( a )  Kq = (K0) q (K1 ) q . . . ( K h ) q
( b )  (Kq )- 1  -  ( ( K 0 ) q ) _ 1 . .  . ( (K ^ ) - 1  provided  t h a t  q > 3 ,
2i
Kt = _ L L  Q((q - 1)/2S T  ) fo r  O iL t^ h . Then
where K = KqK ^ . . » ^ .
P r o o f  ( i )  We prove ( c ) .  (The p r o o f s  o f  ( a )  and ( b )  a r e  v ery  s i m i l a r ) .
l a r g e s t  i n t e g e r  in  E . Let K be t h e  f i e l d  Q(^q m- x ) / l / T )  and L be
th e  compositum
o rd er  o f  q a c t i
p r i m i t i v e  (q^2m’ 2^ —l ) / 2 t h  r o o ts  o f  u n i ty  f o r  a l l  m / j  £ E ,  and so
( i i ) ( b )  (Kq)_1 » ( (K 0 ) q . . . ( K h ) q r 1  by ( i i ) ( a ) .  A ls o
( K . ) q y^(K . ) qs ?  Q(q_^ /  1 ) f o r  a l l  i  and j ,  and so  -1  has order 2 on
* w
%(
o f  q) .
F or  t h e  r e s t  o f  4 «3  we assume t h a t  q ^  3 .
Applying P r o p o s i t i o n  4 . 3 . 9  t o  P r o p o s i t i o n  4 . 3 . 8 ,  we s e e  t h a t
q(sP(v)) - ((oc0 )qr 1 ...((Kh)qr 1)Ckl..... ^
where i s  th e  subgroup o f  (z/NZ) g en erated  by k ^ , . . . , ] ^
and K. i s  as i n  P r o p o s i t i o n  4 . 3 » 9 ( i i )  w ith  E .  as  i n  P r o p o s i t i o n  4 . 3 . 8 .
( i t  i s  easy  t o  s e e  t h a t  Q(q ~ \ /  1 )Q (q +V  1 ) “ Q(^q 1  ) )•
R ep eated  a p p l i c a t i o n s  o f  P r o p o s i t io n  1 . 2 . 4 ( i i )  show t h a t  t h i s  f i e l d
- 1  k ti s  ju s t  where = ((K^q ) ) .  We s h a l l  e v e n t u a l l y
s i m p l i f y  t h i s  d e s c r i p t i o n .
Kt  = L^N  ^ w ith  L^A = Q by P r o p o s i t i o n  1 . 2 . 3 ,  where
L. i s  th e  compositum o f  a l l  th e  f i e l d s  Q(q 1 ) f o r  i.€  E .  and H.
t  i  .
o f  a l l  Q(q V T )  f o r  a l l  i C E ^ .  Hence i t  i s  e a s i l y  see n  t h a t  
■ ( ( L ^ N j . )  ) q )~  s in c e  k^ a c t s  t r i v i a l l y  on L^.
Lemma 4 . 3 . 1 0
( i )  f f V v S Qr ( ( l * ) q ( V i I  “  W t )  i f  *
» 1 i f  t  = h .
( i i )  F or  k€"E . and w a p r i m i t i v e  (q 2k- l ) / 2 t k  r o o t  o f  u n i t y ,
X
( a )  t h e  d eg ree  o f  w ov er  (L ^ )q (Nt ) q i s  2k2
k t  a  2 .
(b )  t h e  d egree  o f  w over ( L . ( N . )  ) q i s  4k / ( 2 k , m ( t ) )  f o r  t < h .
ktP r o o f  ( i )  The order o f  q a c t i n g  on L ^ o (N t ) = Q i s  1 ,  and th e  order 
o f  q a c t i n g  on i s  th e  l e a s t  common m u l t i p l e  o f  th e  i n t e g e r s  in  E^.
By d e f i n i t i o n  k^ a c t s  on as qm^ * \  and t h e  order o f  q on i s  th e
l e a s t  common m u l t i p l e  o f  th e  numbers 2 j  f o r  j € E +l which i s  d i v i s i b l e
K
b y  m ( t ) .  Hence th e  o rd er  o f  q on (N .)  iB  m ( t ) ,  and so
kt( o r d e r  o f  q on L ^ ,o rd e r  o f  q on ) «* (L .C .M . o f  E^.,m (t))
-  -|m(t) i f  t  <  h,
1 o th erw ise
%x
By P r o p o s i t i o n  1 . 2 . 5  t h i s  i s  equal t o  £ (L t (Nt ) ^ { ( ( L ^ J ^ ^ N ^ )
k.
and ( i )  fo l lo w s  on n o t i n g  t h a t  ( ( N . )  ) q = (N^)**.
( i i ) ( a )  Let L = ( L , N . w h e r e  H i s  g e n era ted  hy CT and " X  co rre s p o n d in g  
X X
t o  t h e  cong ruences  f f  :  k '  »  1  m o d ( q ' ' - l ) t k* £ q raod(q^+l) f o r  j £ E t  
X :  k* S q mod(q^—1 ) ,  k '  S  1 modtq-’+ l )  f o r  j £ E t . 
(T h e se  cong ruences  a r e  c o n s i s t e n t  by Theorem 1 . 1 . 2  and P r o p o s i t i o n  1 . 1 . 3 ) .  
P r o p o s i t i o n  1 . 2 . 4 ( i i )  shows t h a t  L = (L . ^ (N ^ )* * .  L et  K = Q(w)^L^.N^..
Then LrtK  = KH by P r o p o s i t i o n  1 . 2 . 4 ( i ) ,  and LK = L (w ) .  Hence 
£ l ( w) : l ] = CLKsLj = ( k s L o k J  by Lemma 1 . 2 . 2
-  E k : # ]  = t h e  o rd e r  o f  H a c t i n g  on K
2
= ( o r d e r  o f  o " o n  K ) . ( o r d e r  o f  t  on K) « 2k . k  = 2k , 
s i n c e  th e  c y c l i c  subgroups g e n era ted  by O ' and X  do not i n t e r s e c t ,
( e x c e p t  i n  th e  i d e n t i t y ) .
( i i ) ( b )  Let (L.N . ) H where H i s  g en era ted  by 0 “ and X  i b ut th iB  
X X
t im e  c r  k* = q mod(qJ + l )  f o r  a l l  j €  Et  
T  s k* = kt .
The p r o o f  re s em b les  t h a t  o f  ( i i ) ( a ) ,  and we need th e  order o f  H a c t i n g  
on K = Q(w). The o rd e r  o f  U  on K i s  2k , and th e  o rd e r  o f  X  i s  
2 k / ( 2 k , m ( t ) ) .  The on ly  p o s s i b l e  i n t e r s e c t i o n  o f  th e  two c y c l i c  
subgroups ( o t h e r  th a n  t h e  i d e n t i t y )  must in v o lv e  CTk = qk which i s  
o f  o rd er  2 on K. (q k = 1 mod(qk- l ) ) .  However, f o r  t  < h  t h e  order o f  
T  on K i s  odd s i n c e  e x a o t l y  th e  same h ig h e s t  power o f  2 d iv id e s  2k 
and m ( t ) .  Hence in  t h i s  c a s e  th e  two c y c l i c  subgroups do not 
i n t e r s e c t .
Kote  I f  t  ■ h we j u s t  need  t o  change th e  d eg ree  i n  Lemma 4 . 3 . 1 0 ( b )  
t o  2k2/ ( 2 k , m ( t ) )  s i n c e  i t  iB easy t o  see  t h a t  i n  t h i s  c a s e  th e  c y c l i c  
subgroups i n t e r s e c t  i n  a  group o f  order  2 .  (O f c o u rs e  m(h) ■ 1 ,  and 
so  th e  d egree  becomes‘ 2k ) .
P r o p o s i t i o n  4 . 3 . 1 1
) k t ) q -  ! _ L  ( « ( ( ‘,2k‘ 1 , / ! / T ) t * ) ' '
where and a r e  t h e  f i e l d s  d e f in e d  b e fo r e  Lemma 4 . 3 . 1 0 .
P r o o f  The f i e l d  on t h e  l e f t  c e r t a i n l y  c o n ta in s  t h a t  on th e  r i g h t .
L et K = and l e t  H be th e  subgroup of Gal(L^.N^./K) g e n e ra te d
by q and k _ .  Let and l e t  w = be a p r im i t iv e  (q^k-^l)/2^^
r o o t  o f  u n i t y .  Then
£ k ( w) H: k] -  [ k ( w) : x } / [ k ( w) : K ( w)HJ
= 2k^/order o f  H on K(w) by Lemma 4 . 3 . 1 0 ( i i ) ( a )
= 2 k ^ / (4 k ^ / (2 k ,m (t ) )  by th e  p ro o f  o f  Lemma 4 . 3 . 1 0 ( i i ) ( b )
= ( 2k , m ( t ) ) / 2 .  ( i f  t  = h we get 1 here i n s t e a d ) .
_  k.
Now K(w) H S  (L  Nt ) = ( Lt ( Nt ) ) q » but l e t t i n g  k run over E  ^ we s e e
F  J _ L  K(w ) H t  K 7  >/ L.C.M. o f  th e  ( 2k ,m ( t ))/2  f o r  k € E
k € E t
But t h e  r ig h t -h a n d  s id e  i s  j u s t  £(L^(N^) ^ J^ sk jb y  in s p e c t io n  anfl 
Lemma 4 . 3 . 1 0 ( i ) .  (A s l i g h t  m o d i f i c a t io n  shows t h a t  t h i s  s t i l l  
works f o r  t  » h ) .  Hence
(Lt (Ht ) *)** = t h e  compositum o f  a l l  Kiw^)^ f o r  k C E ^ .
However K = K^, and so
K (w)H = (K .Q (w ))H -  K.Q(w) H, and so 
k .  „
(L^(Nt ) x )<1 -  K . ( t h e  compositum o f  a l l  Q(tt)n f o r  k i E ^ )
However a p p ly in g  P r o p o s i t i o n  4 « 3 . 9 ( i ) ( a ) aa<l (b )  t o  (L^)** and (N ^)q
r e s p e c t i v e l y  we f i n d  t h a t  t h e i r  compositum K i s  co n ta in e d  i n  th e
compositum o f  a l l  t h e  Q(w^) « an<l t h i s  compositum i s  ju s t  the
r e s u l t  we want.
C o r o l la r y  4 . 3 . 1 2
?3
» , - (± ±  - 1
8»+
- _LL ((Q((q2k-1 )/2yT )kt)qr 1
k S Et
P r o o f  Only th e  l a s t  l i n e  needs j u s t i f i c a t i o n .  The method used t o  
prove P r o p o s i t i o n  4 . 3 . 9 ( i i ) ( b )  works h e r e .  (A gain  we use  th e  f a c t  
t h a t  q > 3 ) .
C o r o l l a r y  4 . 3 . 1 3
Q ( s p ( v > ) .  « ( i < 2- 1 > / y n H l . .  •
where i e  th e  subgroup o f  th e  G a lo is  group
G al(Q ((<l2k- l ) /2/ T ) / Q )  = (z / i(« 2k- l ) Z ) *
g e n e r a te d  by th e  t h r e e  e lem ents  q ,  —1 , and s k  o f  (z/^(q —l ) z )  such
t h a t  s k 2 1 mod(qJ - l )  and s k = q k mod(qj + l )  f o r  a l l  j € E ( k ) ,  where 
E (k )  = th e  s e t  o f  i n t e g e r s  between 1 and n d i v i d i b l e  by e x a c t l y  th e  
same h i g h e s t  power o f  2 as k ,  and aj  ^ » ( 2k ,m ) where m i s  th e  l e a s t  
common m u lt i p l e  o f  th e  i n t e g e r s  between 1 and n which a re  d i v i s i b l e  
by a h ig h e r  power o f  2 than  k .  (m=l i f  t h e r e  a re  no Buch i n t e g e r s )  
P r o o f  T h is  i s  j u s t  a  r e s ta te m e n t  o f  P r o p o s i t i o n  4 . 3 * 8 ,  u s in g  th e  
l a t e r  r e s u l t s .
T h is  seems t o  be th e  n e a t e s t  form r e s e m b l in g  th e  r e s u l t s  o f  
Theorems 4 . 1 . 5  and 4 . 1 . 9  i n  which th e  f i e l d  Q (Sp(V)) can  be 
expressed#  G e n e ra to rs  o f  th e  f i e l d s
Q( ( q 2k- l ) / 2/ - r ) Hk
a p p e a r in g  i n  th e  l a s t  C o r o l la r y  may be w r i t t e n  down q u i te  e a s i l y ,
( u s i n g  th e  f a c t  t h a t  th e  t r a c e  map i s  s u r j e c t i v e ) ,  but th e y  do not seem 
t o  t a k e  on a v e ry  s im ple  form.
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4 * 4  The o rthog o nal  groups over f i n i t e  f i e l d s  o f  odd c h a r a c t e r i s t i c  
Let  P m p be t h e  f i n i t e  f i e l d  w ith  q e lem ents  where q i sq
odd, and l e t  V be a f i n i t e  d im ensional  v e c t o r  space over  P on which 
t h e r e  i s  a n o n -d eg e n e ra te  b i l i n e a r  form ( ,  ) s a t i s f y i n g
( v ,u )  = ( u , v )  f o r  a l l  u , v f V .
Let 0 (V )  be th e  o r th o g o n a l  group o f  V, i . e .  th e  group o f  i s o m e tr i e s  
o f  ( V , (  , ) ) .  There a r e  e s s e n t i a l l y  t h r e e  c a s e s  t o  c o n s i d e r :
I .  dimpV i s  odd. Although t h e r e  a r e  two e q u iv a le n c e  c l a s s e s  
o f  non—d e g e n e ra te  b i l i n e a r  form on V, t h e r e  i s  only  one 
conform al e q u iv a le n c e  c l a s s ,  and so  th e  o r th o g o n a l  group 
0(V ) i s  determ ined up t o  isomorphism by dinipV. ( A l l  t h i s  
may be proved u s in g  P r o p o s i t i o n  4 . 2 . 4 ) .
I I .  and I I I .  I f  dimFV i s  even, t h e r e  a re  two conform al 
e q u iv a le n ce  c l a s s e s  o f  n o n -d eg e n e ra te  forms on V (depending 
on whether d(V) i s  a  squ are  or n o t ) ,  and i n  g e n e r a l  th ey  
g iv e  r i s e  t o  non-isom orphic  o r th o g o n a l  g ro u p s . I f
dimpV = 2n , we denote  t h e s e  groups by 0+(V) and 0_(V)
where 0 +(V) a r i s e s  i f  V has a b a s i s  e ^ , . . . , e n , f ^ , . . . , f n
such t h a t  ( e i , e ;j) -  0 = ( f ± , f ..) f o r  a l l  i  and j ,  and
(e  , f .) » 1 when i « j  and 0 o t h e r w is e .  0 _ (V )  correspond s 
• 0
t o  th e  o t h e r  e q u iv a le n c e  c l a s s  o f  b i l i n e a r  fo rm s.
Lemma 4 . 4 . 1
An element s o f  GL(V) i s  c o n ju g a te  in  OL(V) t o  an e lem ent o f  some 
o r th o g o n a l  group 0 (V )  i f  and only  i f
( i )  f o r  every  monio i r r e d u o i b l e  p ( x ) C  F^Xjf, th e  sequenoe ( n ^ , . . . , n ^ )  
o f  Theorem 3 . 2 . 1 ( i v )  i s  th e  same f o r  Ve (p )  and V8 (p ) where 
p * ( x )  i s  d e f in e d  a s  in  3 .3»
( i i )  f o r  p (x )  = x +1 o r  x - 1 , each  even i n t e g e r  occu rs  an even number df 
t im e s  in  th e  sequ ence  ( n ^ , . . . , ^ )  o f  Theorem 3 » 2 . 1 ( i v ) .
Suppose next th a t  n = dinipV i s  even and th a t  ( i )  and ( i i )  a r e
f o r  some i  w ith  p (x )  = x+1 or x - 1 ,  th e n  s i s  c o n ju g a te  i n  GL(V) t o
f o r  a l l  i ,  th e n  s i s  c o n ju g a te  t o  an element o f  0+(V) i f  and only i f
0  (V) i f  and only  i f  t h e  same sum i s  odd.
P r o o f  See s e c t i o n  2 . 6  o f  G.E . H a l l ;  "On th e  con jug acy  c l a s s e s  i n  th e  
u n i t a r y ,  s y m p le c t ic  and or th og o n al  g ro u p s " ,  J .  A u s tr .  Math. S o c . ,  
v o l . 3 ( 1 9 6 3 ) .
Theorem 4 . 4 . 2
jç
L e t  S be th e  s e t  o f  i n t e g e r s ,  k ,  such t h a t  s and s a r e  co n ju g a te  
i n  0 (V ) f o r  a l l  a f O ( V ) .  Assume t h a t  dimpV >  1 .
I .  I f  diiDyV » 2n+l i s  odd, S i s  th e  s e t  o f  i n t e g e r s ,  k ,  such  t h a t
I I .  I f  dimpV = 2n and 0(V) = 0+ (V ),  the  l i s t  i s  th e  same a s  in  I ,
I I I .  I f  dim^V » 2n and 0(V) -  0 (V ) ,  we omit th e  congruence modulo
P r o o f  S i m i l a r  t o  t h a t  o f  Theorem 4«3>2> ( i f  dim^V -  1 ,  0 (V )  i s  
c y o l i o  o f  order  2) .
The methods o f  p r o o f  o f  4 * 3  y i e l d  many r e s u l t s  f o r  th e
s a t i s f i e d .  Given p ( x ) ,  i  and s € G L (V )  w r i te  [»(p1 ) f o r  t h e  number of
2JL*f 1n .  equal t o  i ,  i n  th e  n o t a t io n  o f  Theorem 3 . 2 . 1 ( i v ) .  I f  m(p ) y 0 
J
2 i + l
b o t h  an element o f  0+ (V) and an elem ent o f  0 _(V ).  I f  n((x+l) ) = 0
even, and s  i s  c o n ju g a te  in  GL(V) t o  an element o f
( k ,q )  = 1 .
except t h a t  th e  congruence modulo (q n+ l )  i s  o m it te d .
o r th o g o n a l  groups analogous t o  th o s e  a l r e a d y  proved f o r  th e  sy m p lec t ic  
g ro u p s .  We s t a t e  th e  most im portant without d e t a i l s  o f  t h e i r  
p r o o f s .
Theorem 4 . 4 . 3
F o r  a l l  t h r e e  ty p e s  o f  o r th o g o n a l  group over Fq
Qq ( 0 ( V ) )  -  Qq .
P ro o f  Much e a s i e r  than  P r o p o s i t i o n  4 . 3 . 6 .
Hote We d e s c r i b e  th e  s i t u a t i o n  i n  t h e  conform al o r th o g o n a l  groups 
i n  th e  n ext  s e c t i o n .
P r o p o s i t i o n  4 . 4 . 4
I f  dimpV -  2 n + l > l ,  then  Q (0 (V ))  i s  t h e  same as th e  f i e l d  d e s c r ib e d  
i n  C o r o l la r y  4 . 3 . 1 3  f o r  th e  s y m p le c t ic  g roups, w ith  th e  term J £  q 
o m it te d .
P r o o f  Compare Theorem 4 * 4 . 2 ,  p a r t  I ,  w ith  Theorem 4 * 3 . 2 .
P r o p o s i t i o n  4 . 4 . 5
I f  dimpV -  2n, th e n  Q (0 (V ))  -  Q i V  1 )H where H i s  th e  i n t e r n a l  
d i r e c t  sum o f  th e  c y c l i c  subgroups o f  (z/NZ) » Gal(Q(\/ 1 )/Q) with 
g e n e r a t o r s  - l , q  and k  ^ d e f in e d  i n  a way s i m i l a r  t o  t h a t  o f  
P r o p o s i t i o n  4 * 3 . 8 ,  where
( i )  I f  0 (V ) -  0 +( V ) ,  N -  f q - l , q + l , . . . , q n -1 - l , q n“ 1+ l , q n- r i  ,
( i i )  I f  0 (V ) - 0 _ ( V ) ,  N -  [ ' q - l , q + l t . . . , q n_;L- l , q n_1+ l , q n+ I l  .
(The s e t s  E. and t h e  numbers m ( t )  a r e  m odified  i n  ways t h a t  become 
obvious d uring  th e  p ro o f)
P r o o f  3 i m i l a r  t o  P r o p o s i t i o n  4 * 3 . 8 .
The c a l c u l a t i o n s  can be co n t in u e d  beyond t h i s  p o i n t ,  but 
n o th in g  e s s e n t i a l l y  new em erges.
L et F  = F he th e  f i n i t e  f i e l d  w ith  q e lem ents where q i sq
odd, and l e t  V b e  a f i n i t e  d im ensional  v e c t o r  space over P on w hich 
t h e r e  i s  a  no n -d eg e n e ra te  b i l i n e a r  form ( , ) s a t i s f y i n g
( v ,u )  = £  ( u , v )  f o r  a l l  u , v ^ V ,  where £ =  1 or - 1 .  
Let CO(V) be t h e  conform al iso m e try  group o f  (V ,(  , ) )  i f  £  ■* 1 ,  
and CSp(V) be t h e  group i f  £  = - 1 .  Our main i n t e r e s t  i s  i n  th e  
f i e l d s  Qq(G) f o r  th e s e  two groups, and so we s h a l l  not need th e  
d e t a i l e d  ty p e  o f  in fo rm a t io n  f o r  t h e s e  groups which we used f o r  t h e  
o t h e r s .
4 . 5  The conform al sy m plec t ic  and orthogonal  groups over f i n i t e  f i e l d s
o f  odd c h a r a c t e r i s t i c
P r o p o s i t i o n  4 . 5 . 1
Let V be a f i n i t e  d im ensional v e c t o r  B p a c e  over th e  f i e l d  P, and l e t
s ^ G L (V )  have a l l  i t s  e ig e n v a lu e s  equ al  t o  a .  Suppose th a t
i  k( s - a l )  = 0 .  Then f o r  a l l  i n t e g e r s  k such t h a t  a = a ,
, k  2 - k * i - l  (a - a s  ; . i - 1 ,  2 - l v i - 1k ( s  -  a  s )
where k i s  i n t e r p r e t e d  as an element o f  P in  th e  obvious way. 
P ro o f  L et s -  a t  and apply P r o p o s i t i o n  4 . 2 . 7  t o  t .
F o r  th e  conform al groups t h i s  r e s u l t  p la y s  th e  p a r t  th a t  
P r o p o s i t i o n  4 . 2 . 7  played f o r  th e  s y m p lec t io  and orthogonal g ro u p s . 
The r e s u l t  analogou s t o  Theorem 4 . 2 . 5  i s :
Theorem 4 . 5 . 2
Two e lem ents  s and t  of the conformal iBometry group of (V ,(  , ) )  
are conjugate i n  this group if and only if
( i )  s and t  a re  c o n ju g a te  in  GL(V),
( i i )  f o r  p (x )  =» x - a  w ith  a 2 = ( s )  = ^  ( t ) ,  th e  b i l i n e a r
s p a c e s  d ef in e d  i n  Theorem 3.4«7> U*(p) and U * (p ) ,  a r e
and
c o n fo rm a lly  e q u iv a le n t  in  th e  way d escribed , a t  th e  end 
o f  Theorem 3 . 4 * 7  ( a )  f o r  a l l  odd i  i f  £  -  1
or (b )  f o r  a l l  even i  i f  £  -  - 1 .
P ro o f  S i m i l a r  t o  Theorem 4 . 2 . 5 «
C o r o l la r y  4 . 5 . 3
Let s C A u t ( V )  = th e  conform al isom etry  group o f  (Vf ( , ) ) ,  and l e t  k 
be an i n t e g e r  w ith  k ■ 1 m o d ( q - l ) .  Then b and s  a re  co n ju g a te  i n  
Aut(V) i f  and only  i f  th e y  a re  co n ju g a te  i n  GL(V).
P ro o f  C e r t a i n l y  a = a f o r  a l l  a € F q , and so  we may apply 
P r o p o s i t i o n  4 . 5 . 1  t o  th e  d e f i n i t i o n  o f  th e  b i l i n e a r  sp a ces  in  
Theorem 3 . 4 . 7 .  The only p o s s i b l e  sou rce  o f  d i f f i c u l t y  i s  in  th e  
ca s e  g  m —1 ,  k  not a Bquare i n  F  t but i n  t h i s  ca s e  k*  ^ i s  not a 
square  f o r  a l l  even i  and Theorem 4 . 5 * 2  i s  s a t i s f i e d  w ith  t  = s .
Theorem 4 . 5 . 4
Q^CO(V)) -  Qq 
Qq (CSp(V)) -  Qq .
P ro o f  In  th e  n o t a t i o n  o f  C o r o l la r y  4 .5 * 3 »  l e t  m be any common 
m u lt ip le  o f  t h e  exponents o f  Aut(V) and G L (V ). In  th e  n o t a t io n  o f  
2 . 1 ,  P  ( A u t ( V ) ) p  P  (OL(V)) by C o r o l la r y  4 * 5 . 3 ,  s in o e  every  kQ3^L(V)) 
s a t i s f i e s  k B 1 raod(q-l)  by C o r o l la r y  4 . 1 . 3 .  I n  p a r t i c u l a r  
K (A u t(V ))C "  K(GL(V)) f o r  a l l  f i e l d s  K ( o f  c h a r a c t e r i s t i c  z e ro )  by 
Theorem 2 . 1 . 1 .  The r e s u l t  fo l lo w s  by C o r o l l a r y  4 . 1 . 4 .
Note The t re a tm e n t  above i l l u s t r a t e s  how t h e  p r o o fs  f o r  o th er  
f a m i l i e s  o f  groups oould have been sh o rten e d  i f  we were ooncerned 
only w ith  t h e  f i e l d s  Qq (G ) .
Let (V , (  , ) )  be a non -d eg en era te  symmetric b i l i n e a r  space  
over th e  f i e l d  P and l e t  0 (V ) be i t s  o r thog o nal  group. Given s£ » 0 (V )  
we must have d e t ( s )  = 1  or - 1 ,  ( s i n c e  i f  dinipV = n ,  ( , ) ind u ces  a 
no n -d eg e n e ra te  sym m etric  b i l i n e a r  form on th e  on e-d im en sion al  space 
^  ^V, and s in d u ce s  an iso m e try  o f  t h i s  which i s  ju s t  s c a l a r  
m u l t i p l i c a t i o n  by d e t ( s ) ) .  I t  i s  e a sy ,  (u s in g  t h e  e x i s t e n c e  o f  an 
o r th o g o n a l  b a s i s  i f  1 / - 1 ) ,  t o  show t h a t  b oth  1 and - 1  o ccu r  a s  
v a lu e s  o f  d e t ( s )  f o r  s g O ( T ) ,  We d e f in e  th e  s p e c i a l  o r thog o nal  group, 
SO (V), t o  be th e  k e r n e l  o f  th e  group homomorphism 
d e t : 0 ( V ) --------------- )  •[ i , - l }  S ' ? * .
In  p a r t i c u l a r  SO(V) i s  a normal subgroup o f  0 (V ) o f  index  2 ,  provided  
t h a t  th e  c h a r a c t e r i s t i c  o f  P i s  not 2 .
Mote T h is  s i t u a t i o n  does not a r i s e  f o r  th e  s y m p le c t ic  groups, S p (V ) ,  
s in c e  i t  may be shown t h a t  d e t ( s )  = 1 f o r  a l l  b €  Sp(V ).
Now l e t  P ■< P be  th e  f i n i t e  f i e l d  w ith  q e lem ents  where q i sq
odd. Applying Theorem 2 . 3 . 3  w ith  p -  2 ,  G = 0 ( V ) ,  H -  SO(V) and 
K = Q , we haveq
¿^ Qq (SO CV ))SQ^/ -  2^ f o r  some i n t e g e r  k ^ O ,
by Theorem 4 . 4 . 3 .  However we may use  th e  methods o f  Theorem 2 . 3 . 3
t o g e t h e r  w ith  our knowledge o f  oonjugacy c l a s s e s  i n  0(V) t o  deduce
more p r e c i s e  r e s u l t s .  We assume t h a t  dim„ V > 1 .r
Theorem 4 . 6 , 1
I f  dlmpV I s  odd, t h e n  Q(SO(V)) » Q ( 0 ( V ) ) ,  as  g iv en  in  P r o p o s i t io n  4 . 4 . 4  
and Q (SO (V )) -  Q .q q
p r o o f  Consider t h e  normal subgroup, ^ " 1 , - x J -, o f  0 ( V ) .  S in c e  dim(V) i s  
odd, d e t ( - l )  -  ( - l ) dim( V) -  - 1 ,  and so  S O ( V ) r » £ l , - l }  -  f t } .  Hence 
0 (V ) i s  isom orphic  t o  t h e  C a r t e s i a n  product group o f  th e s e  two normal
4.6 The special orthogonal groups over finite fields of odd
oharacterist ic
«?/
subgroups. The r e s u l t  now fo l lo w s  by Theorem 4 * 4 . 3 ,  P r o p o s i t i o n  4 . 4 * 4  
and Theorem 2 . 3 . l ( i ) .
U n fo r tu n a te ly  th e  p r o o f  above b r e a k s  down i f  V has even 
dim ension over F .
Theorem 4 . 6 . 2
Let dimpV -  2n be even, s € 0 ( V ) ,  and m » th e  exponent o f  0 ( V ) ,  so t h a t  
m i s  c e r t a i n l y  a m u lt ip le  o f  th e  exponent o f  SO(V).
( i )  d e t ( s )  « - 1  i f  and only  i f  - 1  has odd m u l t i p l i c i t y  as  an 
e ig e n v a lu e  o f  s .
( i i )  P ( S O ( V ) ) C  r * ( 0 ( V ) )  and {jT( 0(V) ) :P ( S O ( V ) ^ |  -  2k f o r  some
in  P r o p o s i t i o n  4 . 4 * 5 ,  and o > 0  f o r  n ^ l .  Onoe ( i )  i s  e s t a b l i s h e d  i t  
i s  d e a r  t h a t  m i s  a l s o  th e  exponent o f  SO (V).
P roo f  ( i )  d e t ( s )  -  th e  product of th e  e ig e n v a lu e s  o f  s .  Let  p ( x )  be 
a monlo i r r e d u c i b l e  polynom ial over F d iv id i n g  th e  o h a r a o t e r i s t i o
i s  1 by Lemma 3 . 3 . 4 ( 1 )  e ln o e  d eg(p) i s  ev e n .  T h is  le a v e s  th e  
e ig e n v a lu e s  1 and - 1 ,  and th e  r e s u l t  fo l lo w s  by Lemma 4 *4 * 1 «
( i i )  The f i r s t  s ta te m e n t  i s  immediate from ( i )  and th e  ty pe  o f  
c a l c u l a t i o n  needed t o  prove Theorem 4 * 4 * 2 .  The seoond s ta te m e n t
i n t e g e r  k .
( i i i )  r ( S O ( V ) )  c o n t a in s  th o s e  k  f (z / m z )  such t h a t
th e  ra n g e s  o f  th e  i n t e g e r s  i  and j
k i s  a n on -zero  
square mod(p)
a re  a s  i n  Theorem 4 * 4 * 2 ,  p a r t s  I I
and I I I .
Note I t  i s  not hard t o  see  from th e  r e s u l t s  i n  4 * 4  t h a t  m « p°N
where p i s  th e  c h a r a c t e r i s t i c  o f  F  ■ F ^ , N i s  th e  i n t e g e r  d e s c r ib e d
4ft 4ft
polynom ial o f  s ,  and d e f in e  p ( x )  as i n  3 * 3 *  I f  p ( x )  / P ( x ) ,  then  
th e  product o f  a l l  t h e i r  r o o t s  i s  1 by th e  d e f i n i t i o n  o f  p ( x ) .  
I f  p ( x )  -  p * ( x )  and d e g ( p ) ^ ,2 ,  th e n  th e  product o f  th e  r o o t s  o f  p (x )
H2
fo l lo w s  from th e  f i r s t  and Theorem 2 . 3 . 3 ( i )  w ith  p = 2 .
( i i i )  F i r s t  n o te  t h a t  i f  p (x )  i s  i r r e d u c i b l e  o f  d egree  i  and
k • qa m o d (q * - l )  f o r  seme i n t e g e r  a ,  w ith  k c f ^ O i V ) ) ,  th e n
V (p )  -  V (p )  where t  = 8 . (T h is  h old s  s i n c e  s and s a r e  co n ju g a te
8  X
i n  0 (V )C G L (V )  and must have th e  same e ig e n v a lu e s  on t h e  s - i n v a r i a n t
subspace  Vg(p )  by th e  G a lo is  th e o r y  o f  f i n i t e  f i e l d s ) .  A s i m i l a r
*
remark a p p l ie s  i f  p ( x )  = p ( x )  i s  i r r e d u c i b l e  o f  d eg ree  2 j  and 
k S m od(q^+l).
Next n ote  t h a t  th e  v a lu e s  o f  k in  t h e  sta tem en t  o f  ( i i i )  a re  
i n  r * ( 0 ( V ) )  by Theorem 4 . 4 . 2  and n e c e s s a r i l y  s a t i s f y  t h e  o th er  
c o n d i t i o n s  o f  th e  p re c e d in g  p a ra g ra p h .  Assume k i s  a s  i n  th e  
s ta te m e n t  o f  ( i i i ) ,  and l e t  s C s O ( V ) .  I n  order  t o  prove  t h a t  s and 
t  m a r e  c o n ju g a te  i n  SO(V), i t  i s  s u f f i c i e n t  by th e  remarks above 
t o  show t h a t  t h e i r  r e s t r i c t i o n s  a r e  c o n ju g a t e  in  th e  s p e c i a l  
o r th o g o n a l  groups o f  t h e  n on -d eg en era te  s u b s p a c e s :  V8 (p )  f o r  monio 
i r r e d u c i b l e  p o ly n o m ia ls  w ith  p (x )  = p ( x ) ,  and Vg(,'Cv>,p j )  f o r  th o se  
w ith  p ( x )  /L p * ( x ) .  (T h i s  i s  c l e a r  by Theorem 3 . 3 . 3 ( i )  and ( i i )  and 
s ta n d a rd  p r o p e r t i e s  o f  th e  d e t e r m in a n t ) .
Examining c l o s e l y  th e  p r o o f  o f  Theorem 3 > 3 . 3 ( i i i ) ,  we eee t h a t  
th e  is o m e try  k o f  V c o n s t r u c t e d  t h e r e  h a B  m a t r ix  o f  th e  form
w ith  r e s p e c t  t o  a b a s i s  o f  Vg (p )  and th e  d u a l  b a s i s  o f
VB(p# ) induced by t h e  in n e r  produot ( ,  ) .  Hence th e  iso m e try  has 
d eterm in a n t  1 and th e  r e s t r i c t i o n s  o f  s and t  a re  a u t o m a t i c a l ly  
o o n ju g a te  in  SO(Vg(-£p ,p*j^)) .
Next we l e t  p ( x )  » x - 1  and examine th e  p ro o f  o f  Theorem 3«3*8< 
(Note t h a t  we a re  i n t e r e s t e d  in  th e  c a s e  where i  i s  o d d ) .  Choose 
o r th o g o n a l  b a se s  ( u ^ ) , . . . , (u y ) o f  Ug (p )  and ( v ^ ) , . . . , ( v r ) o f  Ut ( p ) ,  
such t h a t  th e  map (u^)> - > (v^ ) induoes an e q u iv a le n c e  o f  th e  two
s e s q u i l i n e a r  s p a c e s .  T h is  indu ces  an isomorphism
w:(V8 ( p ) , s )  ----------->  (Vt ( p ) , t )  -  (V8 ( p ) , e lc)
i n  A u t o ( lP S ) .  I f  d et (w ) = 1 ,  t h e r e  i s  n o th in g  t o  p ro v e .  I f  
d e t (w )  =■ - 1 ,  r e p l a c e  th e  o r th o g o n a l  b a s i s  o f  U*(p) by th e  new b a s i s  
( —'u ^ ) , (U g )» • • * , ( ur ) and fo l lo w  through th e  same c o n s t r u c t i o n .  S in ce  
F JeJ u i  ^as  d im ension i  which i s  odd, t h i s  has th e  e f f e c t  o f  chang ing  
t h e  s ig n  o f  d e t ( w ) .  Hence s and s  a re  n e c e s s a r i l y  co n ju g a te  i n  
SO(V ( p ) ) .  A s i m i l a r  p ro o f  works f o r  p (x )  » x+1.
U n fo r tu n a te ly  th e  p ro o f  o f  C o r o l la r y  3 . 3 . 6  cannot be m o dified  
i n  th e  same way. Let p (x )  = p ( x )  be i r r e d u c i b l e  o f  degree 2 j .
Then th e  r e s t r i c t i o n s  o f  s and s a r4  c o n ju g a te  in  0(VB(p ) )  f o r  any 
i n t e g e r  k such t h a t  ( k , q )  -  1 and k s  q mod(qJ + l )  f o r  some i n t e g e r  a .
The argument i n  th e  second p a ra g ra p h  o f  th e  p ro o f  o f  Theorem 2 . 3 * 3
k2
shows t h a t  th e  r e s t r i c t i o n s  o f  a  and s a re  co n ju g a te  i n  SO(V ( p ) ) .s
Hence th e  r e s t r i c t i o n s  o f  s and a a re  co n ju g a te  i n  SO(V0 ( p ) )  
p rov ided  t h a t  ( k , q )  = 1 ,  k *  a  squ are  mod(p) (which i s  e q u iv a le n t  to  
k  b e in g  a squ are  i n  (z/p °Z ) ) ,  and k =» q^*5 mod(q^+l) f o r  some i n t e g e r  
b .  C l e a r ly  th e  i n t e g e r s  d e s c r ib e d  in  th e  sta tem en t  o f  ( i i i )  s a t i s f y  
t h i s .
C o r o l la r y  4 . 6 . 3
Qq(so(v)) e - q j y / e T )
where r  -  q2 and £  » ( - l ) ( p - 1 )/ 2 with p -  c h a r a o t e r i s t i o  o f  F q . 
P r o o f  By Theorem 4 . 6 . 2 ( i i i )  /"* (SO (V ))  c o n t a in s  th o se  k fe (z / p °N )*  
such  t h a t  k ■ q2 mod(N), ( k , q )  -  1 ,  and k i s  a square i n  th e  o y c l io  
group (z /p °Z )* . The r e s u l t  fo l l o w s  from Lemma 4 * 3 . 5  i n  a manner 
s i m i l a r  t o  th e  p r o o f  o f  P r o p o s i t i o n  4 * 3 . 6 .
N otes 1 .  Qjr ( N/ £  p ) :Q ** 4 ,  and so th e  only  p o s s i b i l i t i e s  f o r  the 
f i e l d  Qq(SO (V ))  a r e  Qq , Qr , Qq ( ^ g P  ) Qp( J T p ) ,  a-d
u>&ve ' S "V» ft- |5irv*-nlL>e (y _ i  )sk -vutrt o^ - L n u ii.
2 .  The methods used in the proof of Theorem 4 . 6 . 2  could be extended 
to  d erive more inform ation about the conjugaoy cla sse s  in SO(V).
S e c t i o n  5 Representations of the W e y l  Group W ( C ^ )
5 . 1  The r i n g s  R ( c )  and R (S )
The Weyl group o f  type C^, W(Cn ) may be d e f in e d  f o r  n ^  0 as 
f o l l o w s :
W(Cn ) = th e  s e t  o f  p erm u tations  t  o f  th e  s e t  ^ + l , + 2 , . . .  , + n J  
such t h a t  t ( - i )  = - t ( i )  f o r  l ^ i ( ^ n .
We d e f i n e  W(Cq ) = f l } .  th e  group w ith  one element (w hich may be 
c o n s id e r e d  a s  a group o f  perm u tations o f  th e  empty s e t ) .
F o r  a l l  i  and we have an embedding o f  groups
w tc^ ) X w(c..) ------------------------ »  w (ci + j )
d e f in e d  by l e t t i n g  W(C^) a c t  on th e  s e t  ; £ V l , . . .  ,+£}• and W(C^) a c t  on 
- £ + ( i + l ) , . . . , + ( i + j ) } '  i n  th e  obvious way.
F o r  e a ch  i n t e g e r  n ^ O  l e t  R(Cn ) he  th e  r e p r e s e n t a t i o n  r i n g  of 
th e  group W(Cn ) ,  i . e .  t h e  G rothendieck  group o f  t h e  c a te g o r y  o f  a l l  
com plex W(Cn )-modules w ith  th e  product induced by t e n s o r  products  
ov er  th e  complex numbers. We sometimes i d e h t i f y  R(Cn ) w ith  th e  
c h a r a c t e r  r i n g  o f  W(Cn ) ,  and i d e n t i f y  R(Cq ) w ith  t h e  r i n g  Z o f  
o r d in a r y  i n t e g e r s  i n  th e  obvious way. F o r  i  and j ^ - 0  we d e f in e  th e  
" o u t e r  p ro d u ct"
R(Ci ) X R(Cd) -------------------------»  R( Ci +j )
H(ci+ i )
by ( O f i . O C j ) * -------------- “ ( « C i «  O f j)  J  .
i . e .  th e  induced r e p r e s e n t a t io n  where t h e  t e n s o r  produot 
e R ( C . ) ® ZR(CJ )
i s  c o n s id e r e d  a s  an element o f  th e  r e p r e s e n t a t i o n  r i n g  o f  WiC ,^) X W(C..) 
i n  t h e  u s u a l  way.
Lemma 5 . 1 . 1
I f  H and K a r e  subgroups o f  th e  f i n i t e  groups J  and L r e s p e c t i v e l y ,  
and } £ € R ( h ) ,  ^ € R ( K )  where R(Gj d e n o te s  th e  r e p r e s e n t a t i o n  r i n g  o f  G,
th e n  X J ® f L *  ^ L in  R (J  x  L )
Proof Cons i d e r i n g  and if) as generalised characters we have
groups, then  t h e  o u te r  product makes ( R ( C ) , . )  a graded commutative 
r i n g  w ith  i d e n t i t y .
¡Jote  "co m m u tative"  means t h a t  x . y  = y . x  f o r  a l l  x  and y C R ( C ) .
P r o o f  By th e  l i n e a r i t y  p r o p e r t i e s  o f  t e n s o r  products  and induced 
r e p r e s e n t a t i o n s ,  on ly  a s s o c i a t i v i t y  and com m utativ ity  o f  th e  product 
r e q u i r e  p r o o f .
A s s o c i a t i v i t y :  L e t  * ,  V ' T * *  i n R ^ ) ,  R ( C j )  and R(Ck ) r e s p e c t i v e l y .
Com m utativity : L e t  X  and be a s  above. The p erm u ta t io n  
1V-W.+1, 2>-*i.*-2, . . . ,  j+1*—t l i  j + 2 v - » 2 ,  . . . ,  i + j K - ^ i
o f  t h e  s e t ' ¿ 1 , 2 , . . . ,  i + i5 "  indu ces  an in n e r  automorphism o f  W(Ci + .j) 
under which t h e  two subgroups W(CA) X w(Cj) and H(Cj) x w( Ci )  are 
c o n ju g a t e .  T h i s  automorphism g iv e s  th e  e q u a t io n
( X J ® ^ L) ( * ,y )  =
|H x  K I A "
( d , o ) ” 1 ( x , y ) ( j , s ) €  H X K
( X < a ^ ) J  x  L( * . y ) *
( j,s )e  j  x l (X®y> ) ( ( j » a )” \ ^ y ) (  j » 8))
P r o p o s i t i o n  5 . 1 . 2
I f  we R e f in e  R (C )  ■= R ( C . ) ,  a  d i r e c t  sum o f  a d d i t i v e  a b e l ia n
w i t h  H -  V(C±) X W(Cj ) i J  = w( c i + j ) »  K -  L -  W(Ck ) ,
W(c )
“ i+ 3 +k t y t h e  t r a n s i t i v i t y  o f  in d u ct io n
s  s i m i l a r l y .
n
L et  S denote  t h e  symmetric group c o n s i s t i n g  o f  a l l  n
p e rm u ta t io n s  o f  t h e  s e t  ¿ 1 , 2 , . . . , ! ^ .  W rite  Sq = { & •  which may be
c o n s id e re d  as  th e  p erm u tation s  o f  t h e  empty s e t .  We embed S^ X S^
obvious way. Let R (S n ) be th e  r e p r e s e n t a t i o n  r i n g  o f  Sn> and d e f in e
groupB, then th e  outer product makes ( R ( s ) , . )  a graded commutative 
rin g  with id e n tity .
P r o o f  Almost i d e n t i c a l  t o  t h a t  o f  P r o p o s i t i o n
Notes 1 .  The c o n s t r u c t i o n  f o r  R ( S )  i s  d e s c r i b e d  i n  d e t a i l  in
Donald Knutson: " A - r i n g s  and t h e  r e p r e s e n t a t i o n  th e o r y  o f  the  symmetric
g ro u p " ,  S p r in g e r  L e c tu re  Notes 3 0 8 .  See a l s o  s e c t i o n  1 o f
M .F. A t iy a h :"P o w er  O p erations  i n  K -T h e o ry " , Q u a rt .  J .  Math. Oxford ( 2 ) ,
17 ( 1 9 6 6 ) ,  pages 1 6 5 - 9 3 .
2 .  B o th  th e  r i n g s  R(s) and R(C) a r e  used i m p l i c i t l y  (w ithout b e in g
e x p l i c i t l y  d e f in e d )  i n  W. S p e c h t 's  p a p e rs  on t h e  r e p r e s e n t a t io n s  o f
th e  symmetric and h y p e ro c ta h e d ra l  g ro u p s .  (T h ese  groupB are  ju s t
S and W(C ) i n  our n o t a t i o n ) .  I n  f a c t  th e  map 
n n
i n  t h e  n o t a t io n  o f  S p e c h t 'B  paper on th e  h y p e ro c ta h e d ra l  group i s  
a  r i n g  monomorphism.
Next we examine th e  r e l a t i o n s h i p s  between th e  s t r u c t u r e s  o f  
t h e  two graded r i n g s  R (S )  and R ( C ) .  We may d e f in e  two group
in S n+m *y  le t t in g  Sq a c t  on and S^ on •fn+l,. . .  ,n+m)- i n  t h ei • • • i
th e  o u te r  p ro d u ct :  R (S n ) X R (Sm) R (S  ) by 
5 n+mn+m
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i n  a s i m i l a r  f a s h i o n  t o  t h a t  used f o r  R (C ) .
P r o p o s i t i o n  5 . 1 . 3
I f  we d e f in e sum o f  a d d i t iv e  a b e l ia n
R(C) ------------------------------ > Q£?1 , s 2 , . . . , t 1 , t 2 , . . 3  g iven  by
1 y  c h a r a c t e r i s t i c  o f  •y(_
homomorphisms /S:W(Ca ) -------^ , S n W(Cn ) f o r  a l l  n
7?
t y  ( / S O U )  -  f r ( i )/ and ( y u ) ( j )  -  sgn( j )u (|  j| ) .
I t  i s  e a s i l y  v e r i f i e d  th a t - th i s  g iv e s  W(Cn ) t h e  s t r u c t u r e  o f  a 
s e m i - d i r e c t  p r o d u c t ,  i . e .  th e  fo l lo w in g  seq u ence  o f  groups i s  e x a c t
1 -H z2)n c-----------> H(cn) f ------?. sn—> 1
w ith  £ y  *» th e  i d e n t i t y  map on S ^ , where (Z g )n » Ker(^g ) i s  th e  
e le m e n ta ry  a b e l i a n  2-group on t h e  g e n e r a to r s  ( 1 , - 1 ) , ( 2 , - 2 ) , . . . , ( n , - a )  
and ( a , b )  d en o te s  th e  t r a n s p o s i t i o n  i n te r c h a n g i n g  a and b  but 
f i x i n g  e v e r y th in g  e l s e .
Then in d u ce s  a homomorphism o f  graded a b e l i a n  groups
^ * : R ( S ) ---------> R(C) by & * ( % )  “  Oc ( 5  » ( comPo s i t i °n o f  maps
where ^  i s  c o n s i d e r e d ,  f o r  exam ple, as th e  c h a r a c t e r  map from t o  
t h e  complex nu m bers) .
We may d e f i n e  a on e-d im ension al r e p r e s e n t a t i o n  £ n :W( c n ) — »
where C i s  th e  m u l t i p l i c a t i v e  group o f  n o n -z e ro  com plex numbers, by
?  ( t )  «* -Sj- 7 T " t ( i )  -  ( - l ) p ( t ) where p ( t )  i s  th e  number o f  i  w ith
n n l  i - 1
i > 0 > t ( i ) .  T h i s  ind u ces  a n o th e r  graded a b e l i a n  group homomorphism
^ * : R ( C ) ------ > R (C )  where ^ #( £ )  -  t h e  o r d in a r y  i n t e r n a l
p ro du ct i n  th e  r e p r e s e n t a t i o n  r i n g R ( C n ) ,  ( i . e .  p o in tw is e  m u l t i p l i c a t i o n  
o f  c h a r a c t e r s  a s  f u n c t i o n s  from t h e  group t o  t h e  com plex numbers, i f  
we c o n s i d e r  R(Cn ) &b th e  c h a r a c t e r  r i n g  o f  w( c n ) ) *
Lemma 5 . 1 . 4
0 * : R ( S ) --------- * R ( C )  and J f „ : R ( C ) --------^ R (C ) a r e  b o th  graded r i n g
homomorphisms.
P r o o f  S t r a i g h t f o r w a r d ,  a f t e r  n o t in g  t h a t  /5>i+ j fw (C i )  x  w(C j ) -  p xx
« d  r i+J|w(Oi) X H(Cj) - f,® §  y
i r r e d u c i b l e  c h a r a c t e r s  form an orthonorm al b a s i s ) .  Extend t h i s  t o
a Z - b i l i n e a r  p o s i t i v e  d e f i n i t e  B c a l a r  p ro du ct on R (S )  by d e f i n i n g
and p ro d u ct  induced by ( x ® y ) . ( u a v )  = ( x . u ) ® ( y . v ) .  Give i t  th e  
(u n iq u e)  s o a l a r  product induced  b y  ( i 0 y fu ® v )  «= ( x , u ) ( y , v ) .  Make 
a l l  t h e  analogou s c o n s t r u c t i o n s  f o r  th e  r i n g  R (C ).
D e f in e  a map Of t o  make t h e  fo l l o w in g  diagram commute:
( i i )  ( « x , O C y )  -  ( x , y )  f o r  a l l  x , y é  R (S )  ( ^ ( S ) .  ( i . e .  Of i s  an
P ro o f  ( i )  I t  i s  e a s i l y  cheok ed , w ith  th e  a i d  o f  Lemma 5«1«4 , t h a t  
each o f  t h e  h o r i z o n t a l  and v e r t i c a l  maps i n  th e  diagram i s  a  graded 
r i n g  homomorphism, ( i n  f a c t  "  » z "  i s  th e  coproduct i n  th e  c a te g o r y  
o f  graded commutative r i n g s  w i t h  i d e n t i t y  and graded r in g  
homomorphisme). Henoe th e  c o m p o s i t io n ,  Of, o f  th e s e  maps i s  a l s o  a 
graded, r i n g  homomorphism»
( i i )  S i n c e  o  i s  Z - l i n e a r ,  i t  i s  enough t o  prove ( i i )  in  th e  ca s e  
where x  -  )C ®  and y  -  T  ®  ( p e R ^ ) ® ^ ^ )  •
Case I :  I f  i + j  t  k-Hn, th e n  ( x , y )  -  0  -  ( o f x . O i y )  by d e f i n i t i o n .
where ( o f  c o u r s e )  a l l  th e  stuns a r e  f i n i t e .  Then has  th e
( u s u a l )  graded r i n g  s t r u c t u r e  w i t h  k**1 g ra d in g  i  e  k R (S i ) ® z R ( S ;j) ,
*  R t c x a ^ c ) »  R i C ) ® ^ )
'Y
R(C)
m
where m i s  t h e  m u l t i p l i c a t i o n  map:
Theorem 5 . 1 . 5
( i )  o< i s  a  graded r i n g  homomorphism: R ( s )  ¿ ^ ( S ) ------------^ R (C ) .
iso m e try  o f  in n e r  produ ct s p a c e s  over z ) .
tCase IIs-  Suppose i + j  -  k-Hn but j/m  so  t h a t  ( x , y )  « 0 .  By d e f i n i t i o n
_ _  W(C, . )  _ H(C. .)
o ix  “  (Z3  X ®  <//) +J . « y  -  (/9 x  ®  ¿fn£  5^ )  3
and i t  i s  easy t o  see  t h a t  th e  r e s t r i c t i o n  o f  th e  c h a r a c t e r
Ofx t o  ( Z g ) * * “* ** K er(/ S) S  W(Ci + ; .) c o n t a in s  on ly  ( l i n e a r )
i r r e d u c i b l e  c h a r a c t e r s  which t a k e  t h e  v a lu e  - 1  on e x a c t l y  j
o f  t h e  g e n e r a to rs  ( 1 , - 1 ) , . . . ,  ( i + j , - i - j )  o f  (Zg)*'+^. Hence
t h e  r e s t r i c t i o n s  o f  ofx and 0 ( y  t o  t h i s  subgroup a r e  d i s j o i n t ,
and so  c e r t a i n l y  (Oix,Of y )  => 0 .
Case I l l s  i  m k ,  j  = m. By Z - l i n e a r i t y  i t  i s  enough t o  c o n s id e r  th e
c a s e  where , ^  , T  and J ?  a r e  a l l  i r r e d u c i b l e  c h a r a c t e r s .  
However t h i s  (and indeed c a s e  I I  above) i s  a s p e c i a l  ca s e  o f  
P r o p o s i t i o n  2 5 a ,b  , pages 7 8 - 9  o f  J . P .  S e m e s  " R e p r e s e n ta t io n s  
l i n e a i r e s  des groupes f i n i s " ,  Hermann (2 nd E d i t io n  1971)«
C o r o l l a r y  5 . 1 . 6
( i )  I f R ( S ^ )  and ^ ^ R ( S j )  a re  i r r e d u c i b l e  r e p r e s e n t a t i o n s ,  th en  
^ ( X ®  ^ /) ^ ;R( Ci + j )  i s  a l s o  Bn i r r e d u c i b l e  r e p r e s e n t a t i o n .
( i i )  D i s t i n c t  s e t s  ( i f j . J t » ^ )  6 iv e  r i s e  1:0 d i s t i n c t  i r r e d u c i b l e  
r e p r e s e n t a t i o n s  i n  R (C ) .  Every i r r e d u c i b l e  c h a r a c t e r  i n  R(C) 
a r i s e s  i n  t h i s  way.
( i i i ) Of s R ( S ) ® zR (S )  ■■ >It(C) i s  a  g ra d e d  r i n g  isomorphism.
P r o o f  “ ( X » X ) (  “  ! .  and
s °  0t ( X ® ^ )  “ + an i r r e d u c i b l e  r e p r e s e n t a t i o n ,  b u t  i t s  dimension i s
p o s i t i v e .
( i i )  D i s t i n c t n e s s  fo l lo w s  from Theorem 5 . 1 . 5 ( 1 1 ) .  L et ^ 2  • • • •
be a co m p le te  s e t  o f  i r r e d u c i b l e  r e p r e s e n t a t i o n s  i n  R ^ )  f o r  each i ,  
and w r i t e  x / g *  • a n  i r r e d u c i b l e  r e p r e s e n t a t io n
i n  R(Ci + . ) .  Then f o r  each f i x e d  n we haves
}  7 “  f d l m V ^ » ^ ) 2 - )  7 T r W ( C r )sH(C4 )XW(C ) ] d i m X ( ^ d l m X
iT j=H  ¿ 7 *  ’ i + J - *  B»t
10 o
- /H(°n)/ .
Hence t h i s  i s  a  co m p le te  s e t  o f  i r r e d u c i b l e  r e p r e s e n t a t i o n s  o f  W(Cn) .
( i i i )  0< i s  i n j e c t i v e  by Theorem 5 » l « 5 ( i i ) i  s u r j e c t i v e  by  ( i i )  above , 
and a graded r i n g  homomorphism by Theorem 5 * l « 5 ( i ) «
Note P a r t s  ( i )  and ( i i )  o f  t h e  c o r o l l a r y  a r e  e s s e h t i a l l y  th e  o r i g i n a l  
r e s u l t s  o b ta in ed  in d e p e n d en tly  by S p e c h t  and Young which enabled  them 
t o  e x p r e s s  th e  r e p r e s e n t a t i o n  th e o r y  o f  H( c n ) i n  term s o f  th e  w e l l -  
known th e o r y  o f  t h e  symmetric group. The i n t r o d u c t io n  o f  th e  r i n g s  
R ( S )  and R(C) makes i t  p o s s i b l e  t o  s t a t e  t h e s e  r e s u l t s  a s  a theorem 
about graded com m utative  r i n g s  w ith  s c a l a r  p r o d u c ts .  I n  th e  n ext  
s e c t i o n  we s e e  t h a t  th e  r i n g  s t r u c t u r e  o f  R(s) i s  co m p le te ly  
d eterm ined  by a  c l a s s i c a l  r e s u l t  o f  F r o b e n iu s ,  and we u se  t h i s  t o  
f i n d  t h e  s t r u c t u r e  o f  R (C ) .
i Q f
5 . 2  P a r t i t i o n s ,  r i n g  s t r u c t u r e s ,  i r r e d u c i b l e  r e p r e s e n t a t i o n s  and 
Heyl subgroups
F o r  n ^ O  w r i t e  i f  A  -  ( 0 $  ^ 2 - $ C . . . ^ A n ) i e  a
sequence o f  n o n -n e g a t iv e  i n t e g e r s  w ith  /(j + ' A 2+ . . . + ^ Q = n .  Given 
^ F n ,  d e f in e  ^  » ^ ^ + i —1  f o r  l^ C i iL n ,  so  t h a t  0 < ^ n ,
and d e f in e  a polynom ial i n  n v a r i a b l e s  w ith  i n t e g e r  c o e f f i c i e n t s s
Q* ( xl ‘ - - ’ xn> "  Ç - g » ( * ) x ^ i - t i * X a- * 2— x ^ a- l n
where t  -  ( t ^ , . . . , t n ) ru n s  through a l l  th e  p erm u ta t io n s  o f  th e  s e t  
"{0 , 1 , . . . , n - ^  and we have th e  conv entions: :  Xq «• 1 and x^ = 0 f o r  i C ”o .  
I t  i s  e asy  t o  show t h a t  t h i s  polynomial i n v o lv e s  no n o n -z e ro  term s 
in  any x^ f o r  i > n .  (The po lynom ials  a r i s e  i n  th e  u s e  o f  Schur 
fu n c t io n s  in  th e  r e p r é s e n t â t io h  th e o r y  o f  t h e  symmetric groups, some 
o f  which i s  quoted b e l o w ) .  The polynomial may a l s o  be  w r i t t e n  a s  a 
d e term in a n t :
qA ( xi >•••»xn) “
X * 1 1 V 1 X V 2 **• x * 1-n + l
X V 1 * * 2 " V 1
•“  X A 2-n+2
1 5^3+2
•• •• ••
**• X A3-n+3
• • • •• •
•
1 V “- 1
•
x *  +n-2 n
•
x A n« - 3
• • 
• • •
A n
-  d e t ( a „ )  where a ^  »
X i\i + i - j
fo r  I F  i , j ^ £ n
Theorem 5 . 2 , 1
( i )  R ( s )  -  z j x ^ . X g , . . . ^  » a  polynomial r i n g  i n  co u n ta b ly  i n f i n i t e l y  
many ( a l g e b r a i c a l l y  independent) v a r i a b l e s ,  where XA -  l g € R ( S i ) 
i s  t h e  t r i v i a l  one-d im ension al  r e p r e s e n t a t io n  o f  S j ,  and Z -  R (Sq ) .
( i i )  X , ! ^ . . .  -  ( l s  ^ x  x  X . . . )  3 ^ R^S i + j + k + . . J
w i th  th e  obvius n o t a t i o n .
( i i i )  R(C) -  Z/T1 ,T 2 , . . . , ? 1 , ^ 2 , . . J ,  a n o th e r  polynom ial r i n g  where
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o n e-d im en sio n a l  r e p r e s e n t a t i o n  o f  H(Ci ) d e f in e d  b e f o r e  Lemma 5 . 1 . 4 .
( v )  The i r r e d u c i b l e  r e p r e s e n t a t i o n s  i n  R (Sn ) a r e  g iv e n  by
Q A^Xl , * * * ,X n ) f 0 r  ^  *"n * D iB t i n c t  p a r t i t i o n s  3  g iv e
d i s t i n c t  r e p r e s e n t a t i o n s .
( v i )  The i r r e d u c i b l e  r e p r e s e n t a t i o n s  in  R(c n ) a re  g i v e n  by
where ^  /- i , / -c i- j  w i th  i + j  -  n .  D i s t i n c t  p a i r s  (A  If**)  g ive  
d i s t i n c t  r e p r e s e n t a t i o n s .
P r o o f  ( i i )  and ( i v )  f o l l o w  by re p e a te d  a p p l i c a t io n s  o f  Lemma 5«1 .1|  
n o t in g  t h a t  X X*
( v )  T h is  i s  a  theorem o f  F r o b e n iu s ,  "Ueber d ie  C h a r a k te r e  der
sym m etrischen Gruppe"', S i t z B e r .  P r e u s s .  A kad .,  B e r l i n  ( 1 9 0 0 ) ,  5 1 6 .
( i )  R (S n ) i s  ( a d d i t i v e l y )  th e  f r e e  a b e l ia n  group g e n e r a te d  by th e
i r r e d u c i b l e  r e p r e s e n t a t i o n s  o f  S n> By (v )  t h i s  group i s  a l s o
g e n e r a te d  by th e  monomials I  % X 1^ . . . X  a f o r  A h1 n .  ( i n s p e c t i o n
1 2 n
o f  th e  d e f i n i t i o n  o f  Q ^ ( X l f . . . , X n ) r e v e a ls  t h a t  a l l  t h e  monomials 
o c c u r r i n g  i n  i t  a l s o  b e lo n g  t o  R ( * n ) ) .  The number o f  such monomials 
i s  equ al  t o  t h e  number o f  p a r t i t i o n s  o f  n , which i s  t h e  same as  th e  
number o f  c o n ju g a c y  c l a s s e s  i n  S n , and hence th e  same a s  th e  number 
o f  in e q u i v a l e n t  i r r e d u c i b l e  r e p r e s e n t a t i o n s .  Hence t h e  monomials 
must f r e e l y  g e n e r a te  t h e  a d d i t i v e  a b e l ia n  group R (S n ) .  T h is  shows 
t h a t  Xl f . . .  g e n e r a te  R ( S )  as  a  Z -a lg e b r a ,  and t h a t  t h e y  are  
a l g e b r a i c a l l y  independent over Z.
( F o r  a  f a i r l y  s h o r t  d i r e c t  p ro o f  o f  ( i ) ,  see  c o r o l l a r y  1 . 5  o f
M .F . A t iy a h :  "Power o p e r a t io n s  i n  K—t h e o r y " ,  Q u art .  J .  Math. Oxford ( 2 ) ,
¿2  (1966), pageB 165-93).
( i i i )  Immediate from C o r o l l a r y  5 . 1 . 6 ( i i i )  and th e  d e f i n i t i o n  o f  &  .
( v i )  fo l lo w s  from ( v ) ,  C o r o l l a r y  5 . 1 . 6 ( i ) , ( i i )  and t h e  f a c t  t h a t  « .
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T. -  o ^ X j ® ! )  -  l w( C i ) Ç R ( C i ) and ^  -  o ^ l O X ^ f c R ^ )  i s  th e
one—d im en s io n a l  r e p r e s e n t a t i o n  o f  W(C.) d e f in e d  b e f o r e  Lemma 5 . 1 . 4
( v )  The i r r e d u c i b l e  r e p r e s e n t a t i o n s  i n  R (S n ) a re  g iven  byn
Xq ) f o r  "X J -n .  D i s t i n c t  p a r t i t i o n s  ^  g ive
d i s t i n c t  r e p r e s e n t a t i o n s .
( v i )  The i r r e d u c i b l e  r e p r e s e n t a t i o n s  in  R(Cn ) a re  g iven  by
where X \-  i ,  / x l - j  w ith  i + j  -  n .  D i s t i n c t  p a i r s  (A 5 ^ 0  g ive  
d i s t i n c t  r e p r e s e n t a t i o n s .
P r o o f  ( i i )  and ( i v )  fo l lo w  by re p e a te d  a p p l i c a t io n s  o f  Lemma 5«1>1| 
n o t i n g  t h a t  l j j ® l K “ x  g*
( v )  T h is  i s  a  theorem o f  F r o b e n iu s ,  "Ueber d ie  C h arak tere  d e r
sym m etrischen  Gruppe"', S i t z B e r .  P r e u s s .  A kad.,  B e r l i n  ( 1 9 0 0 ) ,  516*
( i )  R (S n ) i s  ( a d d i t i v e l y )  th e  f r e e  a b e l ia n  group g e n era ted  by th e
i r r e d u c i b l e  r e p r e s e n t a t i o n s  o f  S Q. By (v )  t h i s  group i s  a l s o
g e n e r a te d  by t h e  monomials X ^  X ^  f or A h  n .  ( i n s p e c t i o n
1 2  n
o f  t h e  d e f i n i t i o n  o f  Q ^ ( X x , . . .  . X j  r e v e a ls  t h a t  a l l  th e  monomials 
o c c u r r i n g  i n  i t  a l s o  b e lo n g  t o  R ( * n) ) .  The number o f  such  monomials 
i s  equ al  t o  th e  number o f  p a r t i t i o n s  o f  n ,  which i s  th e  same as th e  
number o f  co n ju g a cy  c l a s s e s  i n  S n , and hence th e  same as  t h e  number 
o f  in e q u i v a l e n t  i r r e d u c i b l e  r e p r e s e n t a t i o n s .  Hence t h e  monomials 
must f r e e l y  g e n e r a te  th e  a d d i t i v e  a b e l ia n  group R (Sn ) .  T h i s  shows 
t h a t  X j , . . .  g e n e r a te  R (S )  as  a  Z -a lg e b r a ,  and t h a t  th e y  a r e  
a l g e b r a i c a l l y  independent ov er  Z.
( F o r  a f a i r l y  s h o r t  d i r e c t  p r o o f  o f  ( i ) t  see  c o r o l l a r y  1 . 5
H .F .  A t iy a h :  "Power o p e r a t io n s  i n  K - th e o ry " ,  Q uart .  J .  M ath. Oxford ( 2 ) ,
17 ( 1966) ,  pages 1 6 5 - 9 3 ) .
( i i i )  Immediate from C o r o l l a r y  5 . 1 > 6 ( i i i )  and th e  d e f i n i t i o n  o f  0< .
( v i )  fo l lo w s  from ( v ) ,  C o r o l l a r y  5 . 1 . 6 ( i ) , ( i i )  and th e  f a c t  t h a t  &,
•03
i s  a  r i n g  homomorphism.
G iven  two p a r t i t i o n s  c v t - r a n d  ( 3 l - s ,  d e f in e  th e  Weyl subgroup
w(<*;/S) -  wic* ) x . . .  x w(c } x s g  x . . .  x s S  w(cr+8)
1 r  1 a
by l e t t i n g  W(C „  )  a c t  o n / + 1 , . .  . , + <Yj T| W(C^ ) a c t  on
2
° ^ 1+1 ) , . . . , + ( « 1+Oi2 )J- ,  . . .  ,  and th e n  l e t t i n g  a c t  on
■ ^ + (r + l ) ,  . . . , + ( r+/5x ) }  by permuting t h e  s e t  t f r + l , .  . . ,  r + ¿9 x}  i n  the
obvitras way and p r e s e r v in g  th e  o r  s i g n s ,  and l e t t i n g  th e
l a t e r  symmetric  groups a c t  on t h e  obvious s e t s  in  a s i m i l a r
f a s h i o n .  In  p a r t i c u l a r ,  i f  r  « 0 and -  ( 0 , . . .  , 0 , n )  f- n ,  we g e t  th e  
Weyl subgroup W (0;n) = Sn CW (Cn ) .  ( E q u i v a l e n t l y  we may c o n s id e r  th e  
sym m etric  groups as  embedded i n  W(CQ)  v i a  t h e  homomorphism y d e s c r i b e d  
b e f o r e  Lemma 5 . 1 . 4 ) .
Lemma 5 . 2 . 2
(  j “ ' 0 » ’  .  x < - . 0 )  ,  .  . . .  .  x l - * - 1 » .  . . .  ♦  X ( 0 i n )
° n
f o r  a l l  n ^ l ,  where " i "  d en otes  th e  p a r t i t i o n  ^  ( 0 , . . .  , 0 , i ) f -  i .
P r o o f  The n+1 c h a r a c t e r s  on th e  r i g h t  a re  d i s t i n c t  and i r r e d u c i b l e .
A ls o  X ( n “ i ! i )  “ Q( n - i ) (X l , * “ ,Xn - i )Q( i ) ( ^ l , * * * ’ ^ i ) i n  R( C)
-  X . by i n s p e c t i o n  
n—i  i
W(Cn )r
Thus
dim X (n ' i 5 i>  “ ^  £ W( Cn>sW( Cn - i>  X
-  ¿ Z — ----- -  2n -  r«(Cn):S nl  •
Hence i t  is  enough to  show th a t each of th e  irred u cib le  rep resen tatio n s  
on the r ig h t of the equation is  a co n stitu e n t of the left-h an d  s id e .
IS i n c e  ( z / S K t C ^ )  X W ^ )  and W ^ )  -  (Z 2 ) nSnf th e
H(C ) ______ «(C „)»
"Mackey d e c o m p o s i t io n "  g iv e s
. « ( O(<V • *  ).<«., - < ( V ‘%<o„)
- ( U S )| B . < V c
n n—1
= ( ^ » V r  -  1 > 0 * 36 r e q u ir e d ,
where H -  Snn  ( « ( C ^  X U(C±) )  -  Sn_ .  X and ( ,  ) R denotes
t h e  u s u a l  i n n e r  produ ct f o r  r e p r e s e n t a t i o n s  o f  th e  group K.
Theorem 5 . 2 . 3
( i )  R(C) = z ( T l t T 2 , . . . , Z l f Z2 , . . r i  ,  a  po lynom ial r i n g ,  where
W(C.)
Yi  “ V ^ )  ^  Zi  "  ( V  1 € R ( C i ) *
( i i )  F o r  a l l  n ^ l ,
* n  + Tn - l * l  +
• • • + Y, i - i f i  + •** + T l ^ n - 1  +
( i i i ) ( S . J .  Mayers Ph .D . T h e s i s ,  Warwidk 1 9 7 1 )*
The s e t  ( 1 h ( o C j 3  j ) " ^  » « ( * *  * 6  > *  Weyl S U ter°UP ° f  
i s  an i n t e g r a l  b a s i s  o f  R(Cn ) = th e  c h a r a c t e r  r i n g  o f  U (C j  
P r o o f  ( i i )  i s  j u s t  a  r e s ta te m e n t  o f  th e  p re c e d in g  lemma. Using t h i s  
we may s o l v e  r e c u r s i v e l y  f o r  f  n i n  term s o f  t h e  and Zjt
£ ,  -  Z|—T ,»  and B > 1 ‘
So t h e  T .  and Z ,  g e n e ra te  H(C) a s  a  Z -a lg e h ra  s i n c e  th e  T* and |
In  p a r t i c u l a r  th e  monomials 1 0<^ . . T 0(^  B g “ ) '
f o r o i b ,  /3 \ -  s ,  r + s  -  n ,  g e n e r a te  R(Cn ) as  an a b e l i a n  group.
„ . » e v e r  « h i .  . . «  W .  « h .  —  * '  « “  " *  *  ‘ " ' d“ l b U
c h a r a c t e r s  o f  » ( 0 n ) .  T h i .  p r o v e ,  ( i l l ) .
The p r o o f  o f  ( 1 )  I -  »■» • l " 11"  * " * *  ° f  5 - 2 ' 1 ( 1 ) -
I n  t h .  n e x t  . . o t i o n  . .  . o l v e  « h .  r . o a r r . n c .  r e l a t i o n  o f
/ o £
Theorem 5 . 2 . 3 ( i i )  f o r  £ n i n  term s o f  th e  T 4 and Z .,  and deduce an 
e x p l i c i t  form ula f o r  th e  i r r e d u c i b l e  c h a r a c t e r s  in  te rm s  o f  th e  new 
i n t e g r a l  b a s i s  o f  Theorem 5 . 2 . 3 ( i i i ) .
5 . 3  Heyl and p a r a b o l i c  subgroups o f  H(Cn )
He keep th e  n o t a t io n s  o f  s e c t i o n s  5 *1  and 5 « 2 .  F i r s t  we 
r e w r i t e  t h e  i r r e d u c i b l e  r e p r e s e n t a t i o n s  i n  term s o f  th e
new g e n e r a t o r s  o f  R ( c )  in tro d u ce d  i n  Theorem 5 * 2 .3 »
Lemma 5 . 3 . 1
-  PqZ^ + + .  .  .  + p j _ i z i  + p j  f o r  e a c h  where
p ^ R ( C ^ )  i s  d e f in e d  r e c u r s i v e l y  by PQ = 1 and P^  ^ = — e V i ,
f o r  i >  0 .  In  p a r t i c u l a r ,  P4 i s  a  polynom ial w ith  i n t e g e r  c o e f f i c i e n t s  
i n  Y1 ,T 2 , . . . fYi  o n ly .
P r o o f  He u se  in d u c t io n  on j .  I t  i s  t ru e  f o r  j  = 0 , 1 .  (By th e  
co n v e n t io n  in tro d u c e d  i n  5 * 2 ,  f 0 = ! ) •  Suppose t h e  r e s u l t  a l r e a d y  
proved f o r  Theorem 5 . 2 . 3 ( i i )  g i v e s
“ Zj  -  £  f i T j - i  ” P0Zj  (PoZi+PlZi - 1 + “ - + P i )T ô - i
by
- V j  - Z I  v  ill Pi - k T ô - i )  *  r e o r d e r in g
i - 0
t h e  in d u c t io n  h y p o t h e s i s ,
t h e  summation
- 1 - k
"  P0 Zd -
>  Pt Y^._k s u b s t i t u t i n g  t  » i - k
¡-1
P0 ZJ  + V j - k
by t h e  r e c u r re n c e  r e l a t i o n  f o r  th e  P ' s .
He now s o lv e  t h i B  r e c u r r e n c e  r e l a t i o n  f o r  P^ , and d is c o v e r  
t h a t  th e  s o l u t i o n  i n v o lv e s  some o f  th e  po lynom ials  Q ^ d e f in e d  i n  
5 . 2 .
Lemma 5 . 3 . 2
p . -  ( - l ) i Q j  (Y 1 ,Y 2 , . . . , Y i )
1 ( i 1 )
where ( l ^ ) ^ i  i s  th e  p a r t i t i o n  ( 1 , . . . , 1 )  o f  i .
P r o o f  By t h e  l a s t  lemma P Q , . . . t P^ a re  th e  s o l u t i o n s  o f  t h e  fo l lo w in g  
s im u ltaneou s  l i n e a r  e q u a t io n s  i n  R (C ):
P0
P,T1P0  + 
T2P0 + ¥ i  +
i
0
0
Ti P0 + T i - l P l  + Yi —2P2 + + Yl P i - l  + Pi
S in c e  R(C) i s  a  commutative r i n g  we may apply  C ram er's  r u l e  t o  t h e s e ;
1 0  
1
Y„ Y,
0 .  .  .  0
0 .  .  .  0
1 .  0
•
1 0
Yi  Yi - 1  * ‘  * Y1 1
1 0 
Y1 1
Yi  Yi - 1  •
0  1 
0  0 
0
1
Y,
The l e f t - h a n d  d eterm in an t  i s  j u s t  1 ,  and expanding by t h e  e lem ents
o f  th e  l a s t  column shows t h a t  th e  second determ inant i s  
\i
( - 1 ) 3 Y1 1 
Y2 Y1
0 .  .
1
Yi  Yi - 1
( —1) i Q(ii ) (Yi * 1
r e q u ire d .
. , T i )  «8
Summing up, we haves 
Theorem 5 . 3 . 3
The i r r e d u c i b l e  r e p r e s e n t a t i o n s  in  R(Cn ) are  the  p o ly n o m ia ls
_  q a ( Y 1 , . . . , Y i )Q> 4 ( f  l t . . . » F j )  f o r  1 +5  ”  n '
where . -  PQZ j _ 1+ . . •+*>.j_1V P and Pk -  ( - 1 )  Q k (Tx . • • • »Tk
w ith  ( l k ) b e in g  th e  p a r t i t i o n  o f  k . ^ T h e  ">onomial
T -  . . . y ^  Z A  . . . Z ^  i s  j u s t  ( ^ ( ^  . ) )  *
' • I r i s  '
P r o o f  T h is  i s  j u s t  a  r e s t a t e m e n t  o f  e a r l i e r  r e s u l t s .
T h i s  g ives  a com plete s o l u t i o n  t o  t h e  problem o f  e x p r e s s in g
th e  i r r e d u c i b l e  c h a r a c t e r s  o f  W(C ) as Z - l i n e a r  co m b in a tio n s  o f  th e
However, f o r  many problems i n v o l v i n g  th e  r e l a t i o n s h i p  betw een a Weyl 
group and v a r io u s  a s s o c i a t e d  C h e v a l le y  g ro u p s , th e  most i n t e r e s t i n g
I f  s ^ n ,  th e n  th e  p a r a b o l i c  subgroup W(^l ) o f  W(Cn ) i s  
i s  d e f in e d  t o  be th e  Weyl subgroup W(n-s;^>L), i . e .
Y . . . Î  Z o  . . . Z -  i n  R(C) " p a r a b o l i c "  i f  a t  most one >  0 ,
1 * * r  P X
( i . e .  i f  i t s  t o t a l  d egree  in  th e  p o ly n o m ia l  arguments Y^,Y 2 , . . .  i s  
0  o r  1 ,  o r  e q u iv a le n t ly  i f  W(Of ; ^ 3 )  i s  a  p a r a b o l i c  subgroup. We a re
Note The term s " p a r a b o l i c  subgroup" and "Weyl subgroup" o r ig i n a t e  
i n  th e  t h e o r y  o f  Weyl groups, b ut t h e  r e p r e s e n t a t i o n  t h e o r y  th a t  we 
a r e  d e v e lo p in g  here  does not r e q u i r e  a d e t a i l e d  u n d e rs ta n d in g  o f  most 
o f  t h e i r  p r o p e r t i e s .  C le a r ly  th e  t h e o r y  above would b e  u n a l te re d  i f  
t h e  Weyl subgroups were re p la ce d  by  c o n ju g a t e  sub g rou ps . F or  our 
p u rp oses  a  p a r a b o l ic  subgroup may b e  re g a rd ed  as one g e n e r a te d  by a 
s u b s e t  o f  th e  t r a n s p o s i t i o n s  ( 1 , - 1 ) ,  ( 1 , 2 ) ,  ( 2 , 3 ) ,  . . . »  ( n - l , n )  or 
any subgroup co n ju g a te  t o  one o f  t h e s e .  (The t r a n s p o s i t i o n  ( i , j )  i n  
S i s  re g a rd ed  as th e  element o f  W(C ) which in te r c h a n g e s  i  and j ,  
and a l s o  in te rc h a n g e s  - i  and - j ) .  A Weyl subgroup may b e  regarded 
a s  one g e n e r a te d  by any su b set  o f  th e  t r a n s p o s i t i o n s  ( 1 , —1 ) , ( 2 , - 2 ) , . .  
. , ( n , —n ) , ( 1 , 2 ) , ( 2 , 3 ) « . « * , ( n - 1 , n ) , o r  as  any subgroup c o n ju g a t e  t o  one 
o f  t h e s e .
We wish t o  determ ine  which i r r e d u c i b l e  r e p r e s e n t a t i o n s  of 
W(C ) may be w r i t t e n  as  Z—l i n e a r  co m b in a tio n s  o f  p a r a b o l i c  monomials.
induced p r i n c i p a l subgroup
c l a s s  o f  subgroups o f  W(Cq ) i 6  a  p ro p e r  s u b s e t  o f  th e  Weyl subgroups.
X S X • • • X V s ^ H(Cn>-
Then ^ V ^ ) )
W(C )
W ( j x ) '  n - s  f * l 9 9 • Z . .  We c a l l  a  monomial
assu m ing , o f  co u rs e ,  t h a t  th e  monomial i s  n o n - z e r o ) .
Itx»
I n t e r e s t  i n  such  r e p r e s e n t a t io n s  i s  m o tiv ated  by r e s u l t s  o f  S te in b e r g ,  
C u r t i s  and Solomon which we d e s c r i b e  l a t e r .  In  o rd er  t o  handle t h i s  
problem we need some t e c h n i c a l  r e s u l t s  on th e  p o lynom ials  and 
a l g e b r a i c  independence over th e  i n t e g e r s .
Lemma 5 . 3 . 4
L et  x ^ , X g , . . .  t e  a l g e b r a i c a l l y  independent over  th e  i n t e g e r s  Z. Let 
A/" r  and Then
( i )  The monomial x  a X a . . . X a has c o e f f i c i e n t  +1 i n  th e  expansion
AX A2 r
o f  t h e  po ly n o m ial  Q ^ ( i j , . . . , x r ) .
( i i )  I f  A ^ yU, , th e n  Q ^ ( x ^  . .  .  , x p ) and Q ^ X j ,  .  .  .  , x s ) a re  l i n e a r l y  
independ en t over Z.
P r o o f  ( i )  R e c a l l  th e  d e f i n i t i o n  o f  a t  t h e  b eg in n in g  o f  5 . 2 .  I f
x „  . . . x «  = i s  + . . . x r  . , where A .  “ X . + 1 - 1  and ( t 1 , . . , t  )
*1 *  r  l_tl V r  1 1
i s  a  p e rm u ta t io n  o f  ( 0 , 1 , . . .  , r - l ) ,  we must have t j  = 0 ,  f o r  otherw ise
5k 1- t 1 < A 1 which i s  th e  l e a s t  o f  th e  A  ±, c o n t r a d i c t i n g  th e
e q u a l i t y  o f  t h e  two monomials. S i m i l a r l y  tg * * l ,  e t c .
( i i )  T h i s  i s  n e c e s s a r y  by Theorem 5 . 2 . 1 ( v )  s i n c e  th e  i r r e d u c i b l e
c h a r a c t e r s  o f  a f i n i t e  group a re  l i n e a r l y  independent over Z.
(O b v io u s ly  a more e lem entary  p r o o f  o f  t h i s  i s  p o s s i b l e ,  but i t  would
be much l o n g e r ) .
Lemma 5 . 3 . 5
( i )  In  R (C )  t h e  term  not in v o l v i n g  Z ^ Z g , . . .  in  th e  expan sion  o f  th e  
p o ly n o m ia l  Q ^ ( f  r ) i n  powers o f  th e  Y± and Z.. f o r  A h *  
i s  Q i ( P 1 , . . . » P r ) € R ( C r ) .
( i i )  The e le m e n ts  P ^ P g , . . .  o f  R(C) a r e  a l g e b r a i c a l l y  independent 
o v er  Z.
P r o o f  ( i )  Immediate upon s e t t i n g  « 0 f o r  j ^ l  and u s in g  Lemma 5 « 3 » 1 .  
( i i )  Yl t Y2 , . . .  a r e  a l g e b r a i c a l l y  independent over Z, and
I JO
P1 “ ~Yx» pi  “ ~ P^o^ i+Pl ^ i - l +* * * +Pi - i Yi^  f o r  Hence
z i pi » “ * » pr' ]  “ f o r  a l l  r £ l .
The r e s u l t  now fo l lo w s  by th e  standard th e o ry  o f  tra n sc e n d e n c e  degree*
Theorem 5 . 3 * 6
v  two
F o r  each  n ^ O  t h e r e  are  a t  m ost j^ irredu cib le  r e p r e s e n t a t io n s  o f  W(Cn ) 
which may be w r i t t e n  as Z—l i n e a r  com binations o f  p a r a b o l i c  monomials 
i n  R (C ) .
P r o o f  Suppose ^  ^  • / *  )  3 Q ^ ( Yi»  * * * »y i )Q m. ( ^ i , * * •, ? j )  i s  a l i n e a r
co m b in a t io n  o f  p a r a b o l ic  monomials. S in c e  i t s  t o t a l  degree  in  th e  T .3
i s  a t  most on e ,  a t  most one ^  ^  /  0 by Lemma 5 « 3 « 4 ( i ) *  Hence 
^  B ( 0 ,  • • • , 0 ,  i ) f "  i  and Q ^ (Y^, • • • ,T^) °  T^*
S i m i l a r l y ,  by Lemma 5 « 3 « 5 ( i ) t  Q/u.(P i» • • • *P j ) € R( Cj )  t a s  
d eg ree  a t  most one i n  Y. , * * . , Y . .  Hence Q ^ ( P . , . .  .  ,P  .)  •• mY. f o r  some 
i n t e g e r  m. F o r  each j  t h i s  i s  p o s s i b l e  f o r  a t  most one by
Lemma 5 - 3 « 5 ( i i )  and Lemma 5 » 3 . 4 ( i i ) »
Thus t h e  term independent o f  in  i s  mY^Y .^,
which has t o t a l  d egree  a t  most one i n  Y ^ , . . *  on ly  i f  i  o r  j  » n .
I n  each  c a s e  t h e r e  i s  a t  most one p o s s i b i l i t y  f o r  th e  p a i r
C o r o l l a r y  5 . 3 . 7
F o r  n> 0 ,  th e  on ly  i r r e d u c i b l e  c h a r a c t e r s  o f  W(Cn ) which may be 
w r i t t e n  as  Z - l i n e a r  com binations o f  t h e  c h a r a c t e r s  o f  th e  form
W(G )
(Ip)
( n : 0) , ( O j l , . * . , l )
f o r  P a p a r a b o l i c  subgroup a re  and ^  ,
b o th  o f  which a re  o n e -d in e n s io n a l .
P r o o f  m th e  p r i n c i p a l  c h a r a c t e r  by i n s p e c t i o n .  The other
c h a r a c t e r  i s  o f  th e  re q u ire d  form by a  theorem o f  Solomons "The 
o r d e rs  o f  th e  f i n i t e  C h ev alley  g ro u p s" ,  J .  A lg ebra  2  ( 1966) ,  
pages  376—3 9 3 ,  Theorem 2*
Notes 1 .  One o f  t h e  re a so n s  f o r  i n t e r e s t  in  t h i s  r e s u l t  i s  th e  
fo l l o w in g  theorem o f  C«W. C u r t i s :  “The S te in b e r g  c h a r a c t e r  o f  a 
f i n i t e  group w ith  a  ( B , N ) - p a i r " ,  J .  A lg ebra  4  ( 1966 ) , pages 4 3 3 - 4 4 1 ,  
Theorem 1 :
L et  G be a f i n i t e  group w ith  a ( B ,N ) - p a i r  and Weyl group W. 
Suppose i s  an i r r e d u c i b l e  c h a r a c t e r  o f  W such t h a t
= ’ nJ  i n t e g e r s .
Then V  = / ___  n T( l „  ) G i s  a g e n e r a l i s e d  c h a r a c t e r  o f  G
J £ R  J  ° J
such t h a t  + J^/is an i r r e d u c i b l e  c h a r a c t e r .
(The d e t a i l e d  meaning o f  th e  symbols does not m a t t e r  h e r e .  I t  i6
enough t o  know t h a t  th e  W a re  p r e c i s e l y  th e  p a r a b o l i c  subgroups o f
W d e s c r ib e d  above f o r  W = W(C ) ,  and t h a t  th e  G a r e  th e  p a r a b o l icn 1)
subgroups o f  G which correspond t o  th e  Wj under t h e  "Bruhat 
d e c o m p o s i t io n " ) .
Two c h a r a c t e r s  always a r i s e  i n  t h i s  way. They a re  th e  
p r i n c i p a l  c h a r a c t e r  1^ . and t h e  S t e in b e r g  c h a r a c t e r f which i n  our 
c a s e  co rresp o n d s  t o  He have shown t h a t  i f  W =
th e n  on ly  t h e s e  two c a s e s  o c c u r .
2 .  I n  th e  c a s e  o f  th e  Weyl groups W(An ) which a r e  isom orphic t o  th e  
symmetric g ro u p s , th e  c o n c e p ts  o f  Weyl subgroup and p a r a b o l ic  subgroup 
c o i n c i d e ,  and i n  f a c t  P robeniu s*  r e s u l t ,  (Theorem 5 . 2 . l ( v )  a b ov e) ,  
shows t h a t  ev ery  c h a r a c t e r  o f  th e  Weyl group can b e  w r i t t e n  as  a 
Z - l i n e a r  co m b in a tio n  o f  c h a r a c t e r s  induced from t h e  p r i n c i p a l  c h a r a c t e r s  
o f  p a r a b o l i c  sub g rou ps . S t e i n b e r g  used t h i s  t o  f i n d  a la r g e  number 
o f  i r r e d u c i b l e  c h a r a c t e r s  o f  th e  g e n e r a l  l i n e a r  groups over f i n i t e  
f i e l d s .  S e e :  "A geom etric  approach t o  th e  r e p r e s e n t a t i o n s  o f  th e  f u l l  
l i n e a r  group over a G a lo is  f i e l d " ,  T r a n s .  Ame'r. H ath . S o c .  21» 27 4 .
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Key to  Rotations
Most of the notation s in th is  th e s is  are explained as they 
are  introduced . For the symbols most commonly needed we give below 
e i th e r  a d efin itio n  or the number of the se c tio n  in whioh i t  is  
in tro d u ced .
Z = the rin g  of in teg ers  
Q = the f ie ld  of ra tio n a l  numbers
FOO “ the rin g  of polynomials in one v ariab le  x over ‘.he f ie ld  F
*  .R = the group of u n its  of the (commutative) rin g  R
d e t(s )  = the determinant of the lin ear map s
( a l t . . . , a n ) ,  a S b mod(o), / (m ): See 1 . 1
G a l(L / K ),  K ( 7 T ) ,  Lg : See 1 . 2
W(k), Qp, Zp , Qq , Zq , Cram, Gpp: See 1 . 3
r ( G ) ,  K (G ),  P ( G ,K ): See 2 . 1
GL(V), 0 ( V , f ) ,  C O (V ,f ) ,  0 ( T ) f CO(V), 3 p (V )f
CSp(V), U (V ), CU(V), M ( f ) ,  /\ ( s ) s See 3 . 1
A u t o ( £ ) ,  A u t(V ) ,  VS, VB(p)s See 3 .2
IPS» Vb^ p , p* ^ s See 3 . 3
C1PS, a ( s ) s See 3 .4
d(V)s See 4 . 2
o+( v ) ,  o j v ) « See 4 . 4
SO(V)» See 4 . 6
w(Cn ) , R ( c n ) ,  R ( c ) .  R ( s t ) ,  R ( s ) : See 5*1
^  n, Q * ( * 1* * * * i xn) t  X } *
w(<* ; / S ) * See 5«2
..
